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Abstract. In this paper, the discriminant of homogeneous polynomials is 
studied in two particular cases: a single homogeneous polynomial and a col- 
lection of n— 1 homogeneous polynomials in n > 2 variables. In these two cases, 
the discriminant is defined over a large class of coefficient rings by means of the 
resultant. Many formal properties and computational rules are provided and 
the geometric interpretation of the discriminant is investigated over a general 
coefficient ring, typically a domain. 

1. Introduction 

The discriminant of a collection of polynomials gives information about the na- 
ture of the common roots of these polynomials. Following the example of the very 
classical discriminant of a single univariate polynomial, it is a fundamental tool in 
algebraic geometry which is very useful and has many applications. Several def- 
initions of the discriminant can be found in the literature, but they are not all 
equivalent. Recall briefly the most standard one ([GKZ94]) for polynomials with 
coefficients in the field of complex numbers C: given integers 1 < c < n and 1 < 
di, . . . , dc, denote by 5' the set of all c-uples of homogeneous polynomials /i, . . . , /c 
in the polynomial ring C[Xi, . . . , X„] of respective degrees di, . . . ,dc. The subset 
D oi S corresponding to the c-uples /i, . . . , /c such that {/i — f2 ~ ... — fc = 0} is 
not smooth and of codimension c is called the discriminant locus. It is well-known 
that D is an irreducible algebraic variety of codimension one providing di > 2 for 
some iG{l,. ..,c} or c = n. The discriminant is then defined as an equation of D 
(and set to be 1 if is not of codimension one). 

As far as we know, the literature on the theory of the discriminant goes back to 
an outstanding paper by Sylvester [Syl64b, Syl64a] where among others, an explicit 
formula for the degree of the discriminant is given. Then, one find the works by 
Mertens [Mer86, Mer92], where the concept of inertia forms is already used, and 
some other works by Konig [K6n03], by Kronecker [Kro82], by Ostrowki [Ostl9] 
and also by Henrici [Hcn68]. There is also an important contribution by KruU 
[Kru39, Kru42] who studied Jacobian ideals and some properties of the discrimi- 
nant, especially in the case c = n — 1. An extensive study of the case c = 1 can be 
found in a Bourbaki manuscript by Demazure [Dem69] that was unfortunately left 
unpublished until very recently [Deml2]. 

For the past twenty years, one can observe a regain of interest, in particular 
regarding properties with respect to the shape (total degree, partial degrees, Newton 
polyhedron, etc) of the discriminant. Unlike the previously mentioned works, the 
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techniques are here more advanced and uses homological methods. The book by 
Gelfand, Kapranov and Zelevinsky [GKZ94] was definitely a turning point in this 
modern approach. One can also mention the paper by Scheja and Storch [SS08] and 
the more recent one by Esterov [Est 10] that deals with more general grading of the 
polynomials (they correspond to anisotropic projective spaces and more general 
toric varieties respectively). It is as well worth mentioning the recent paper by 
Benoist [Benll] where the degree of the discriminant is carefully studied (see also 
[Syl64b, Syl64a]). 

There are drawbacks to the modern above-mentioned definition of the discrimi- 
nant. First, this definition is not stable under specialization (or change of basis). In 
other words, the discriminant is a polynomial in the coefficients of the polynomials 
fi, ■ ■ ■ , fc and a given specialization of these coefficients does not always commutes 
with this construction of the discriminant. Such a property is however a natural 
request for the discriminant. Notice that it is actually well satisfied when defin- 
ing the discriminant of a single univariate polynomial / as the determinant of the 
Sylvester matrix associated to / and its first derivative. Second, the discriminant 
is defined up to multiplication by a nonzero constant. This is not satisfactory when 
the value of the discriminant is important, and not only its vanishing, as this is 
for instance the case for some applications in the fields of arithmetic geometry and 
number theory (see for instance the recent paper [SSll]). Finally, this definition is 
only valid under the hypothesis that the ground ring is a field, often assumed to be 
algebraically closed and of characteristic zero. But for many applications, it is very 
useful to understand the behavior of the discriminant under general ground rings. 

These three drawbacks are important obstructions that prevent the discriminant 
from having a well developed formalism, in particular some properties and formulas 
that allow to handle it as a computational tool. In many situations such a formalism 
is actually more important than the value of the discriminant itself, even more im- 
portant because this value is often unreachable by direct computations. Moreover, 
the discriminant gives more insights if it is defined without ambiguity (in particular 
not up to a nonzero constant multiplicative factor) over a general coefficient ring 
(see for instance [BM09]). As a first stage, the goal of this paper is to provide such 
a theory of the discriminant in the two cases c = 1 and c = n — 1. To this aim, 
we will define the discriminant as a particular instance of the resultant. In this 
way, we will take advantage of the existing formalism of the resultant as developed 
by Jouanolou [Jou91] and will be able to rigorously state that the discriminant is 
stable under a change of basis. As a consequence of this approach, we will provide 
a detailed analysis of the geometric behavior of our definition of the discriminant. 

After some reminders and preliminaries on the resultant in Section 2, Section 
3 deals with the case c = n — 1, that is to say the discriminant of a finite set of 
points in complete intersection in a projective space. Such a discriminant already 
appeared in two papers by KruU [Kru39, Kru42]. Based on them, we give a general 
and universal definition of the discriminant and develop further its formalism. In 
particular, we provide a full description of the base change formula. Then, if the 
ground ring k is assumed to be a domain, we show that the discriminant is a prime 
polynomial if 2 7^ in fc and is the square of a prime polynomial otherwise. 

In Section 4, we will study the case c = 1, that is to say the discriminant of a 
hypersurface in a projective space. This case is the more classical and it already 
appeared in [GKZ94, chapter 12. B], in [Dem69] and more recently in [SSll]. Our 
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contribution is here on the extension of the study of the discriminant to an arbitrary 
commutative ground ring fc, as well as several formal properties. If fc is a domain, 
we show that if 2 ^ and n is odd then the discriminant is a prime polynomial. 
Otherwise, if 2 = in A: and n is even, the discriminant is the square of a prime 
polynomial. In addition, we also provide a detailed study of the birationality of the 
canonical projection of the incidence variety onto the discriminant locus. 

Finally, we end this paper with an appendix where we give rigorous proofs of 
two remarkable formulas that are due to F. Mertens [Mer92, Mer86]. We will use 
these formulas at some point in text, but these formulas are definitely interesting 
on their own. 

All rings are assumed to be commutative and with unity. 



We recall here the basic definitions and properties of inertia forms and the re- 
sultant that we will use in the rest of this paper to study the discriminant of 
homogeneous polynomials. Our main source is the monograph [Jou91] where a 
detailed exposition can be found. 

Suppose given r > 1 homogeneous polynomials of positive degrees di,...,dr, 
respectively, in the variables Xi , . . . , Xn , all assumed to have weight 1 , 
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Let k be a commutative ring and set kA := k[Ui_a\i = l,---,^, |ct| = di] tlic 
universal coefficient ring over k. Then fi e kC := kA[Xi, . . . , Xn] for all i = 

1. . . . , r. We define the ideal / := (/i, ■ • ■ , /r) C feC and the graded quotient ring 
kB := feC/7. The main purpose of elimination theory is the study of the image of 
the canonical projection 

Proj(fcB) Spec(fc^) 

which corresponds to the elimination of the variables Xi , . . . , X„ in the polynomial 
system = • • • = = 0. It turns out that this image is closed (the latter 
projection is a projective morphism) and its defining ideal, that we will denote by 
fcSl and which is usually called the resultant (or eliminant) ideal, consists of the 
elements of kA which are contained in / after multiplication by some power of the 
maximal ideal m := {Xi,. . . , X„) c feC. In other words, ^21 is the degree part of 
the 0th local cohomology module of kB with respect to m, i.e. feSt = H^{kB)Q. 

2.1. Inertia forms. First introduced by Hurwitz, inertia forms reveal a powerful 

tool to study the resultant ideals, notably in the case r = n corresponding to the 
theory of the resultant, and more generally elimination theory. 

Definition 2.1. The ideal of inertia forms of the ideal I with respect to the ideal 
m is the ideal of 

fcTF„(7) := n-\H^{kB)) = {/ € feC : 3i/ e N C /} C kC 

where w denotes the canonical projection kC ^ kB = kC/I. 

Observe that the inertia forms ideal is naturally graded and that ^21 
We recall two useful other descriptions of this ideal. 

Let us distinguish, for all « = 1, . . . , r, the particular coefficient : 
of the polynomial fi which can be rewritten in kC[X^^] 

fi=^n{^i+ ^ Ui^aX^X^''''^). 
ajt{0,...,0,di) 

Then we get the isomorphism of fc-algebras 

kBx„ ^ k[Uj,a■■Uj,al^£^][Xl,...,Xn][X-'] (2.1.1) 
^" ajt(0,...,0,di) 

and of course similar isomorphisms for all the kBx/s. They show that Xi is a 
nonzero divisor in kBxj for all couple {i,j) G {1, . . . , n}^, and by the way that, for 
alH e {1, . . . , n}, 

kTFmil) = {fekC:3iyeN X^' f C /} = Ker(feC ^ ^B^.). (2.1.2) 

In particular, if the commutative ring fc is a domain, it follows that the kBx^s, are 
also domains and thus that feTFn^(/) is a prime ideal of ^C, as well as /j2l. Note 
also that, as a simple consequence, we obtain the equality 

fcSl = feTF„(/)o = n (A, . . . , fr) (2.1.3) 



= fcTF^(/)o. 

t^i,(0,...,0,dj) 



where /i(Xi, . . . ,X„_i) = /^(Xi, . . . , 1) G kA[Xi, . . . ,Xn-i]. 
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The combination of (2.1.2) and (2.1.1) also gives another interesting description 
of /£TFn,(/). Indeed, similarly to (2.1.1), we define the morphism 

T-.kC^ fc[C/.,a I U.^o. + . . . , Xn][X-^] : £^ ^ £^ - A_ 

which is sometimes called the Kronecker substitution. Then, it follows that 

feTF„(/) - {/ e fcC : r(/) - 0}. (2.1.4) 

In other words, an inertia form is a polynomial in kC that vanishes after the sub- 
stitution of each £i by £i — fi/X!^^ for all i = 1, . . . ,r. This property yields in 
particular the following refinement of (2.1.3): 

r 

fe2l = fcTFn,(/)o = kAC^Y. ~f^-kA[h, • • • , ~fr]. (2.1.5) 

i=l 

2.2. The resultant. We now turn to the particular case r — n, usually called 
the principal case of elimination. As we are going to recall, in this situation the 
resultant ideal ^21 is principal and the resultant is one of its generator. We will 
need the 

Notation 2.2. Let k be a commutative ring. Suppose given a k-algebra R and, for 
all integer i G {1, . . . ,n} , a homogeneous polynomial of degree di in the variables 

Xl, . ■ . , Xn 

gi — ^ Ui^aX" £ R[Xi, . . . , Xn]di- 

We denote by 6 the k-algebra morphism 9 : — R : Uj^a ^ Uj^a corresponding 
to the specialization of the polynomials fi to the polynomials gi. Then, for any 
element a £ we set a{gi, . . . , (;„) := 6{a). In particular, if R — kA and 9 is the 
identity (i.e. gi = fi for all i), then a — a(/i, . . . , /„). 

Proposition 2.3 ([Jou91, §2]). The ideal z2t of zA is principal and has a unique 
generator, denoted ^Res, which satisfies 

zRes(Xf\...,X^) = 1. (2.2.1) 

Moreover, for any commutative ring k, the ideal ^21 of kA is also principal and 
generated by ^Res :— A(zRes), where A denotes the canonical morphism 

A : Z[[/j,„] -> kA = fc[C/.,,a] : Uj^^ 

In addition, feRes is a nonzero divisor in kA. 

In view of Notation 2.2, we have defined the resultant of any set of homoge- 
neous polynomials of positive degrees /i, . . . , /„ g k[Xi, . . . , Xn], where k denotes 
any commutative ring; we will denote it by Res(/i, . . . , /„) without any possible 
confusion. Indeed, this resultant is by definition obtained as a specialization of the 
corresponding resultant in the generic case over Z, that is to say zRes (with the 
corresponding choice of degrees for the input polynomials) . Therefore, the resultant 
has the property to be stable under specialization whereas this is not the case of 
the inertia forms ideal in general. Nevertheless, we have the following property. 

Proposition 2.4. The ideal of inertia forms is stable under specialization up to 
radical. More precisely, let R be a commutative ring and p : zA R be a special- 
ization morphism. Then, the ideals p(zTFm(/)o)-^ = (p(zRes)) andTFm{p{I).R)o 
are two ideals in R that have the same radical. 
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Proof. This result corresponds to a general property of proper morphisms under 
change of basis. As we already said, the canonical projection Proj(z-B) — Spec{zA) 
is a projective, hence proper, morphism whose image is closed and defined by the 
ideal zTFm(/)o C z-^- The specialization p corresponds to a change of basis from 
Spec(i?) to Spec(xA). Since the support of the closed image of a proper morphism 
is stable under change of basis, we deduce that, as claimed, the support of the 
inverse image of the closed image of Proj(zi?) — > Spec{zA) is equal to the support 
of the closed image of 

Proj(zB) Xspcc(,A) Spec(i?) ^ Spec(i?). 

We can give another proof, somehow more elementary, of this proposition. In- 
deed, by specialization it is clear that 

p(zTFna(/)o).i? - (p(zRes)) = (Res(p(/i), . . . , p(/„))) c TF^^(p(/).i?)o. 

Let a 6 TFm{p{I)-R)o, so that there exists an integer N such that for all i = 1, . . . , n 

Xfae (p(/i),...,p(/„)) Ci?[Xi,...,X„]. 

It follows that 

(Xf a, a, . . . , a) C . . . , C R[X,, . . . , X„] 

and hence that Res(/9(/i), . . . , p{fn)) divides Res{Xia, . . . , a) in R by [Jou91, 
§5.6]. Now, using [Jou91, Proposition 2.3(ii)], we obtain that 

Res{X^a, . . . ,X^a) = a"^""'Res(Xf , ...,X^) = a"^""' e R. 

Therefore, Res(p(/i), . . . , p{fn)) divides a"^" in R and hence TFm(p(/).i?)o is 
contained in the radical of the ideal (Res(p(/i), . . . , p{fn))) C R. □ 

The resultant have a lot of interesting properties that we are going to use all 
along this paper; we refer the reader to [Jou91, §5] and each time we will need one 
of these properties we will quote a precise reference from this source (as we have 
just done in the proof of the previous proposition). 

We end this paragraph by recalling the old-fashion way, still very useful in some 
cases, to define the resultant (see for instance [Zar37]). To do this, let us introduce 
n new indeterminates Ti, . . . , T„. From (2.1.5) we deduce easily that 

fcTFm((/i — TiX^^, . . . ,fn — r„X^"))o — 

{P{T,, . . . , T„) e kA[Tu . . . , T„] : F(/i, ...,/„)- 0}, 

equality which can be rephrased by saying that the kernel of the map 

(j) : kA[Ti, . . . , r„] ^ kA[Xi, X„_i] : T, /, 

is a principal ideal generated by Res(/i — TiX^^ ,...,/„ — TnX^"). Thus, we obtain 
an explicit formulation of (2.1.5) under the form 

Res(/i - hXi\. . . , /„ - /„X^) = 0. (2.2.2) 
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2.3. A generalized weight property. When dealing with the discriminant oin— 
1 homogeneous polynomials in n variables, we will need a property of homogeneity 
for the resultant that is due to Mertens [Mer86] and that has been generalized 
by Zariski about fifty years later [Zar37, Theorem 6]. For the convenience of the 
reader, we provide a proof of this result. 

Suppose given n integers /Lti, . . . , /x„ such that for all i = 1, . . . , n we have < 
Hi < di and set fi = X^^gi + hi where all the monomials having a nonzero coefficient 
in the polynomial hi is not divisible by X^% i.e. is such that a„ < /ij. Now, define 
the weight of each coefficient Ui_a, i — 1, ... ,n, \a\ — di hy 

weight(C/i,Q) < (2.3.1) 
[ an - IJ-i if an > ^J-i 

(we will refer to this grading as the Zariski grading) and set 

Res(/i, ...,/„) = i/(/i, ...,/„) + A^(/i, ...,/„)£ kA 

where H is the homogeneous part of minimum degree of the resultant, using the 
above weights definition. 

Proposition 2.5. With the above notation, there exists an element 

Hi{fi,...,fn) e kA 

which is of degree zero and that satisfies 

H{fi,...Jn) = Res{gi,...,gn)Hiifi,...,fn) G kA. 

In particular, the degree of H is equal to YVi^ii'^i ~ 

Here is an immediate corollary that is the form under which we will use this 
property later on. 

Corollary 2.6. For all i ~ I, . . . ,n, define the polynomials hi and rename some 
coefficients Ui^a of fi so that fi — Xn^~^{J2"^i + ^i- Then, we have 

Res(/l,...,/„) - det{{Vij)i,j=l,...,n)Hi e (Vl^n, ■ ■ ■ ,Vn.nf C kA. 

Proof. Let (j> e TF,t,(/i, . • . , /«) H A, so that there exists an integer N such that 
X^(j> e (/i,...,/„), and define (j>o E A as the homogeneous part of minimum 
degree of (f> with respect to the weights given in (2.3.1). We begin by showing that 
00 e TF,n(gi,...,g„)nA. 

In addition of the weights (2.3.1), we set weight(Xi) = 1 for alH = 1, . . . , n — 1 
and weight(X„) = 0. In this way, for alH = 1, . . . , n the terms in the decomposition 
fi = X^^gi + hi are such that X^^gi is homogeneous of degree di — fii whereas hi 
contains monomials that are homogeneous of degree strictly bigger than di — ^i. To 
emphasize this property, introduce a new indeterminate t and consider the linear 
transformation 

Xi ^ tXi, i = 1, . . . ,n - 1 

\ Xn ^ Xn 

U^^^ ^ t^MU..^)U^^^^ i = l,...,n, \a\^d,. 
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Denoting by v the degree of and applying the above transformation, we deduce 
that 

(i^'^-^n^rf 51 + tu:{),t^--^-{X>;i-g-2 + . . . ,t'^"^^"(X^.9„ +tc.„)) (2.3.2) 

where G ^[-'fi, • . • , ^n, for all i = 0, . . . , n. Having in mind to use the char- 
acterization (2.1.4) of inertia forms, for all z = 1, . . . , n we set gi = T]iX'^~^^ + Lpi, 
gi = gi{Xi, . . . , Xn-i, 1) and (pt = ipi{Xi, . . . , Xn-i, 1). Now, the specialization of 
Xn to 1 in (2.3.2) yields 

t''{(f>Q + tuja) e [gi + twi, 52 + ta;2, . . . , 5„ + iw„) 

and then the specializations of rji to —Lpi— tui for all i = 1, . . . , n give 

~ tuJl, . . . , -ipn - tuJn) + tujQ{-(pi - tuJi, -Ifin ~ tuJn)) = (2.3.3) 

in A[Xi^ . . . ^ Xn,t], where the quoted arguments of 0o and (t>i are those corre- 
sponding to the coefficients 771 , . . . , 77„ respectively. But since i is a nonzero divi- 
sor, we can simplify (2.3.3) by . Then, by specializing < to we deduce that 
</>o(-V'i, • ■ • : -'Pn) = and hence that (po e TFm(gi, . . . , g„). 

Now, applying the above property to (j) — Res(/i, ...,/„) we deduce that there 
exists Hi E A such that H = Res((?i, . . . ,5„)i?i. However, to conclude the proof it 
remains to show that Hi is of degree zero, or equivalently that H and Res((7i, . . . , gn) 
have the same degree with respect to the weights (2.3.1). Notice that we already 
know that Res(5i, . . . ,5„) has degree Yli^iidi— Hi) by the property [Jou91, §5.13.2] 
and hence, the degree of H is greater or equal to n"=i('^« ~ mO- order to show 
that it is actually an equality, we consider the following specialization 

/2 = Xf^ +X2'"^'X^^ 

/3 = x^' + x;^'-^''xii^ 

< 

Jn-1 — +^n-l ^" 

. /„ = xt-i +t''--^-xi- 

where, for alH = 1, . . . , ri, the coefficient Ui^a of each monomial . . . X"", \a\ — 
di, of fi that appears in this specialization has been also specialized to iwoight((7i,Q)^ 
Let us compute the resultant of /i, . . . , /„. Applying the multiplicativity property 
of resultants [Jou91, §5.7], we get 

Res(/i, ...Jn)= Res{X^'-^\f2, . . . , /„)Res(X^S /2, ...,/„) 

= Res(Xi, /2, . . . , /„)'^i-^iRes(X„, Xi, X2, . . . , x„^,)A'i'i2<i3...d„-i 
= (-l)("-'^^^'^'-^-'"-^Res(Xi, /2, . . . , fn)''-''^ , 

then 

Res(Xi,/2,...,/„) 

= Rcs(Xi , X^'-^' , /3, . . . , /„)Res(Xi, X/^^ , /a, ■ • • , /«) 

= Res(Xi, X2, /3, . . . , /„)''^-^^Res(Xi, X„, X2, X3, . . . , Xn-iV''''-''"-' 

= (-l)("-2)^^'^-'^"-^Res(Xi, X2, /3, . . . , fnf'-''' 
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and continuing this way we arrive at the equahty 

Res(/i, ...,/„) = ±Res(Xi, . . . , Xn-ijn)^"'-'''^-^''"-'-^-'''. 
But since /„ is speciahzed to + we deduce that 

Res(/i,...,/„) 

= ±Res(Xi,...,X„_i,t''"-^"X^")('^i-^i)-(''"-i-^"-i) 

^ ±^(rfi-Mi)-(dn-i-M— i)(<i..-p™)Res(Xi, . . . ,X„_l,X„)('^l~^l)■■■('^"-l-^"-l)''" 
Therefore, for this particular speciahzation, we get that Res(/i, . . . , /„) is of degree 
nr=i(^« — ^i), and hence that, in the generic context, the degree of H can not be 
greater than n"=i('^« ^ Mi) which concludes the proof. □ 

Mention that from an historical point of view, the above result is the beginning of 
the theory of the reduced resultant. Indeed, Zariski proved [Zar37] that the factor 
Hi is a generator of a principal ideal whose geometric interpretation is that the 
polynomials /ii, . . . , /i„ have a common root in addition of the root Xi — . . . = 
Xn-i = that they already have in common. It is called the reduced resultant. We 
refer the interested reader to [Zar37] and [OM88] for more details. 

2.4. The Dedekind-Mertens Lemma. We end this section of preliminaries by 
recalling the Dedekind-Mertens Lemma and give an important corollary that we 
will use several times in this text (sometimes even implicitly). 

Let A be a commutative ring and X := {Xi, . . . be a sequence of n > 1 

indeterminates. Given a ^-module M and an element 

m = Y^ CaX" e M[X] := M[Xi, . . . , X„] 

a 

we define the support of m as 

supp(m) = {a e N" : Ca 7^ 0} 

and the length of to, denoted l{m), as the cardinal of supp(to). Observe that 
l{m) = if and only if m = 0. Moreover, for any subring R of A, we define the 
i?-contcnt of m as the i?-submodule of M : 

Cfl,(TO) ^ CaR. 

a(Esupp(m) 

Lemma 2.7 (Dedekind-Mertens). Let M be a A-module, f be a polynomial in 
A[X\ and m a polynomial in M[2C\. Then, for all subring R of A we have 

CRiff"'^CRim) - Cnify^^'^-'CRifm) 

where we set, by convention, C/?(/)^^ = R. 

Corollary 2.8. Let M be a A-module and f G A[X} a polynomial. Then, the 
following are equivalent: 

(i) The polynomial f is a nonzero divisor in the A[X]-module M[X] . 

(ii) The ideal Ca(/) does not divide zero in M (there does not exists m & M 
such that m =/= and Cyi(/)m ^ 0). 
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Proof. Assume that (i) holds and that there exists m <E M such that C^(/)m — 0. 
Then (t72.1^[x|)/ = in M[X] and hence m = 0, which proves that (i) imphes (ii). 

Now, assume that (ii) holds and that there exists m E A'/[X] such that mf = 0. 
Then, by the Dedekind-Mertens lemma, we deduce that Ca(/)'*-"'''Ca(to) = and 
from (ii) that Ca(?ti) = 0. It follows that m = and the corollary is proved. □ 

Finally, recall that a polynomial / G is said to be primitive if CaH) = ^• 



3. The discriminant of a finite set of points 

3.1. Definition and first properties. In this section, we give the definition of the 
discriminant of n— 1 homogeneous polynomials in n variables. We begin section with 
some properties on Jacobian determinants. Then, we provide computational rules 

for handling this discriminant and we show that its definition have the expected 
geometric property: its vanishing corresponds to the detection of a singular locus. 

Hereafter, we suppose given n — 1, with n > 2, homogeneous polynomials 
/i, . . . , fn-i of positive degree rfi, . . . , d„-i, respectively, 

/,(Xi,...,X„) = ^ [/.,aX«, i=l,...,n-l. 
\a\=di 

We denote by k an arbitrary commutative ring and set kA := k[Ui^a] the universal 
coefficient ring over k. Thus, fi e k^l^i, • • • > ^nldi for alH = 1, . . . , n — 1. 

3.1.1. Jacobian determinants. For alH = 1, . . . ,n, consider the Jacobian determi- 
nant 



Jiifl, • • ■ : fn~l) ■- 

dxifi 

(-1)"- 



dxj2 



dx.+Ji 
dx,+ih 



dxj, 



n-l 



dXi-ifn-1 dxi+ifn-1 



dxji 



9Xnfn 



(3.1.1) 



that is obviously a homogeneous polynomial in the variables Xi , . . . , Xn of degree 
deg( Jj) = J2^Zi{dj — 1)- Notice that this degree is independent on i e {1, . . . , n}. 

Lemma 3.1. For all integer i G {1, .... n} . we have: 

i) the Jacobian determinant Ji :— Ji{fi, . . . , fn-i) is irreducible in the poly- 
nomial ring zA[Xi, . . . , Xn], 

ii) the polynomial Ji {Xi ..... Xi^i, 1, Xi+i, . . . , X„) is primitive, hence a non- 
zero divisor, in kA[Xi, . . . , Xj+i, .... Xn], 

iii) ifk is a domain then Ji{Xi, . . . , 1, Xi^i, . . . , X„) is prime in the poly- 
nomial ring kA[Xi , Xj+i , . . . , X„] . 

Proof. It is sufficient to prove this result for J„ := Jnifi, ■ ■ ■ , fn-i)- Observe 
first that Jn is homogeneous of degree 1 in each set of variables (Ui,a)\a\=di with 
i € {l,...,n — 1}. Now, consider the specialization p that sends each polynomial 
fi,i = l,...,n-l,to 

fi ^ C/i,iXiX*-i + C/i,2X2X*-i + • • • + C/i,„_iX„_iX*-i. 
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We have 



p(J„) = 



Un- 



1,1 



Un- 



l,Tl-l 



(3.1.2) 



Let us assume first that fc is a UFD. Then the determinant in (3.1.2) is known 
to be irreducible in k^i.j\i,j — 1, . . . , n — 1]. Since p preserves the homogeneity 
with respect to each set of variables {Ui^a)\a\=di , i G {1, — 1}, we deduce that 
iii) holds (under the assumption that /c is a UFD). 

Moreover, assuming that k — (3.1.2) implies that J„ decomposes as a product 
P.Q where P is irreducible and depends on the Ui^aS, Q does not depend on the 
Ui^aS. Moreover Q G Z[Xi,...,X„] so that it must divide X^"^'-''"-*. Now, if 
we specialize each polynomial fi to then J„ specializes to YliZi diXf^~^ . It 
follows that Q must also divide this latter polynomial and we deduce that Q is 
equal to ±1 G Z. This proves i). 

Now, we prove that iii) holds under the weaker assumption that is a domain. 
For that purpose, consider the quotient ring 



,Q kA[Xi,...,X„-i]/ 



(JniXi, . . . , Xn^l, 1)) 

and set Q := zQ for simplicity in the notation. We have already proved that kQ is 
a domain as soon as fc is a UFD. In particular Q is a domain. Since Q contains Z, 
Q is a torsion- free abelian group and hence it is flat. It follows that the canonical 
inclusion of rings k <Z K := Frac(fc) gives rise to an injective map 

kQ ^k®zQ K ®zQ = kQ- 

But we have proved that jj-Q is a domain, so we deduce that kQ is also a domain and 
hence that J„(Xi, . . . , X„_i, 1) is a prime element in kA[Xi, . . . , Xn-i] as claimed. 

Finally, from i) we deduce that J„(Xi, . . . , X„_i, 1) is a primitive polynomial in 
zA[Xi, . . . , Xn-i]- It follows that it is also primitive over any commutative ring fc, 
hence a nonzero-divisor by the Dedekind-Mertens Lemma. □ 

Remark 3.2. Notice that the Jacobian determinant Ji G fcj4[Xi, . . . , X„] is not 
irreducible in general. Indeed, take for instance n — 2 and set fi{Xi, X2) — 
Y:t=o'U^X{Xt' . Then 



J2 = 1^ = dUdX^-^ + {d- l)Ud-iX^~^X2 + • • ■ + C/iX 



d-l 
2 



and hence X2 divides J2 as soon as d — in k. 

Similarly, the Jacobian determinant of n homogeneous polynomials in n homo- 
geneous variables is not irreducible in general. For instance, the Jacobian of the 
polynomials 

fi{Xi,X2) = aXl + bXiX2 + cXl /2(Xi, X2) = uXl + VX1X2 + wXj 



is equal to the determinant 



hX2 hXi 
VX2 vXi 



which is identically zero in k[a,b,c,u,v,w][Xi, X2] as soon as 2 — in k. 
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Now, introduce the generic homogeneous polynomial of degree d > 1 in the set 
of variables Xi, . . . , Xn 

F(Xi,...,X„) := J2 U^^" 

\a\=d 



and set feA' := k^lUa ■ \a\ = d]. The Jacobian determinant 



J{fi, ■ • ■ : fn-l,F) 



dxi fi dx2 fi 

dxi h dx-i /2 

dXifn-l /n-l 

dx,F dx,F 



dxji 
dx„f2 

dx^fn^l 

dx„F 



(3.1.3) 



is a homogeneous polynomial of degree deg( J) — {d — I) + J2i=i i'^i ~ 1) ^^e set 
of variables Xi, . . . ,X„. By developing the determinant (3.1.3) with respect to its 
last row, we obtain the equality 

Jifi, • • ■ 7 fn-i, F) ax''^*'''^^' " ' ' -^"^^^ 

i—l * 

that holds in the ring kA'[Xi, . . . , X„]. 

Lemma 3.3. With the above notation, we have: 

i) for all integer i G {1, . . . , n} 

X^Jih, . . . , fn-l,F) - dFJXh, . . . , fn-l) 

e (di/i,...,d„_i/„_i) C feA'[Xi,...,X„]. 

ii) for all couple {i,j) of distinct integers in {1, . . . ,n} 

^iJjifl^ ■ • ■ : /n-l) — XjJiifl: • ■ • j fn-l) 

e (di/i,...,d„_i/„_i) C fcA'[Xi,...,X„]. 
Proof. These properties follow straightforwardly by using Euler's identities 

^f^ 



i=i 



dX, 



difi-, i — 1 , 



in the determinants (3.1.1) and (3.1.3). 



□ 



3.1.2. Definition of the discriminant. The definition of the discriminant of the ho- 
mogeneous polynomials /i, . . . , fn-i is based on the 

Proposition 3.4. With the previous notation, 

dd^ -d^-^nes{fi, . . . , fn-i,F) divides Res(/i, . . . , J(/i, . . . , fn-i,F)) 

in kA' . Moreover, for all i G {1, . . . , n}, we have the equality 

R-es(/i, . . . , /„_!, J(/i, . . . , /„_i, F))Res(/i, . . . , /„_i, Xj) = 

d''-'*"-iRes(/i, . . . , /„_i, ^^)Res(/i, . . . , /„_i, J,) 
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Proof. By specialization, it is sufficient to prove tliis proposition over tlie integers, 
tliat is to say by assuming tliat k = Z,. 

By Lemma 3.3 we know tliat XiJ{fi, . . . , /„_i, F) and dJi{fi, . . . , fn-i)F are 
homogeneous polynomials of the same degree in the variables Xi , . . . , X„ that are 
equal modulo the ideal (/i, . . . , It follows that, in kA\ 

Res(/i, . . . , /„_i, X, J(/i, . . . , fn-i.F)) = Res(A, . . . , /„_i, dJ,;(/i, . . . , fn-i)F). 

The result then follows from standard properties of resultants [Jou91, §5]. □ 

We are now ready to state the definition of the discriminant of the polynomials 

/l; • ■ • ; /n— 1- 

Definition 3.5. — 1) > 1 then the discriminant of the polynomials 

/i, . . . , /„-!, denoted Disc(/i, . . . , fn-i), is defined as the unique non-zero element 
in such that 

Disc(/i, . . . , /„_i)Res(/i, . . . , fn-i,X,) = Res(/i, . . . , /„_i, J,) (3.1.4) 

/or all i G {1, . . . , ri}. // 'Y^i=\^'^i ^ 1) = equivalently if di = ■ ■ ■ = d^-i = 1, 

we set Disc(/i, . . . , /„_i) = 1 £ ^A. 

Let R be a commutative ring and suppose given n — 1 homogeneous polynomials 

5i = X! Ui^aX"' e R[Xi,. . . ,Xn], i = l,...,n-l, 

|a|=d, 

of degree di, . . . ,dn-i respectively. As in %2.2, denote by 9 the ring morphism 
6 : z,A R : Uj^a ^ corresponding to the specialization of the polynomial fi 
to the polynomial gi for all i — I, . . . ,n ~ 1. Then, the discriminant of gi, . . . , gn-i 
is defined as 

Disc(5i, . . . ,g„_i) := 6l(Disc(/i, . . . , /„_i)) G R. 
Remark 3.6. We recall that, for all integer i G {1, . . . , n}, 

Res(/i, . . . , fn-i,X,) = Res(/f \ . . . , f^l^ G kA 

where f[^\ . . . , f^-i O'^c the polynomials obtained from /i, . . . , fn-i, respectively, by 
substituting Xi for (see [Jou91, Lemma 4.8.9]j. It is a nonzero divisor in kA (see 
Proposition 2.3). 

A direct consequence of the definition of the discriminant is the following. From 
Proposition 3.4, it follows immediately that, in kA' , 

Res(/i, . . . , J(/i, . . . , fn-i,F)) = 

ddi-in-iBisc{f,, /„_i)Res(/i, . . . , /„-i, F). (3.1.5) 

Moreover, if deg(i^) ^ d — I then J(/i, . . . , fn-i, F) can be replaced by the poly- 
nomial F(Ji, . . . , J„) in this formula and we get 

Res(/i, . . . , fn-l,UiJi H h UnJn) = 

Disc(/i, . . . , /„_i)Res(/i, . . . , /„_i, UiXi + ■■■ + t/„X„). 
More generally, we have the 

Proposition 3.7. For all d > 1 the following equality holds in kA' : 

Res(/i, . . . , fn-i,F{Ji, . . . , J„)) = Disc(/i, . . . , fr^^^f Res(/i, . . . , /„-i, F). 
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Proof. Indeed, Lemma 3.3 shows that both polynomial XfF{Ji, . . . , Jn) and poly- 
nomial jfF[Xi^...^Xn) are homogeneous of the same degree in the variables 
Xi, . . . , Xn and equal up to an element in the ideal (/i, . . . , /„-i). It follows that 

Res(/i, . . . , /„_i,XfF(Ji, . . . , J„)) = Res(/i, . . . , /„„i, JfF(Xi, . . . 

and the claimed formula is obtained using the multiplicativity property of the re- 
suhants [Jou91, §5.7]. □ 

An important property of the generic discriminant is that, similarly to the 
generic resultant, it is universally a nonzero divisor. 

Proposition 3.8. The discriminant Disc(/i, . . . , fn-i) G kA is a nonzero divisor. 

Proof. By specializing each polynomial fi to a product of generic linear form, the 
discriminant specialize to a primitive polynomial (the ideal generated by its coeffi- 
cients is equal to k) by Corollary 3.17. It follows that Disc(/i, . . . , fn-i) G kA itself 
a primitive polynomial in kA. Therefore, the claimed result follows by Dedekind- 
Mertens Lemma. □ 

3.1.3. The degree of the discriminant. The discriminant is multi- homogeneous, as 
inheritance from the resultant: it is homogeneous with respect to the coefhcients of 
each polynomial /i, . . . , fn-i- The following result gives the precise multi-degree 
of the discriminant. 

Proposition 3.9. With the notation of%3.1.2, Disc(/i, . . . , fn-i) is a homogeneous 
polynomial in of total degree 

n~l J J \ 

(n - 1) n + (rfi + • • ■ + dn-i -n){j2 ^^i-P^ . 

Moreover, it is homogeneous with respect to the coefficients of each polynomial fi, 
i G {1, . . . ,n — 1}, of degree 



di ■ ■ ■ dn-l 



(d.-l) + ^(rf, -l)| . (3.1.6) 

i=i 



Proof. Let us fix an integer i S {1, . . . ,n — 1} and introduce a new variable t. We 
know that the Jacobian polynomial J„ is homogeneous in the variables Xi , . . . , Xn 
of degree Y^^=ii'di ~ !)• It also obviously satisfies 

Jnifl, ■ ■ ■ , tfi, . . . , fn-l) = tJnifl, . . . ,fi, . . . , fn-l)- (3.1.7) 

Therefore, by multi-homogeneity property of the resultant [Jou91, 2.3(ii)], we de- 
duce that 

R-es(/i, . . . , tfi, . . . , Jnifl, • ■ • , tfi, . . . , fn-l)) 

^i'('^^-~l)Res(A, . . . , fn-l, Jnifl, ■.■,tf,,..., fn-l)) 







= t 






■■<1„_1 


= t 




di- 




= t 


d^ 



E"r/(d,-i)+rer/ '^.Res(/i, . . . , j„(/i, . . . , /„)) 
and 

Res(/i, ...,tf„.. .,/„_!, X„) = t ~i Res(/i, ...,/,,..., /„_i,X„). 
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From Definition 3.5 of the discriminant, it follows that 

Disc(/i, . ..,*/„..., /„_i) - t^^^((*-i^+^?-"(''^-^))Disc(/i, . . . , /„_i) 
as claimed. The total degree is obtained by adding all these partial degrees. □ 

Remark 3.10. Observe that the integers (3.1.6) are always even. This is expected 
because, as we will see later on, in characteristic 2 it turns out that the discriminant 
is the square of an irreducible polynomial. 

3.1.4. The classical case n = 2. Let us show that our definition of the discriminant 
coincides with the classical case n = 2. 

Let / be a polynomial homogeneous in the variable X, Y of degree d > 2 

f VdX"^ + Vd-iX^^^Y + Vd-2X'^-'^Y^ + • • • + ViX^Y'^-'^ + V^Y'^. 

According to (3.1.4) we have 

Res(/, Uf)) = Disc(/)Res(/, Y) G k[Vo, . . . ,Vd]. 

But it is easy to see that Res(/, F) = Vd and that J2(/) = Therefore we 

recover the usual definition VdDisc(/) = Res(/, ^). Moreover, from Proposition 
3.9 we also obtain that it is a homogeneous polynomial in the coefficients of /, 
i.e. Vq,. . . ,Vd, of degree 2d — 2. 

A lot of properties are known for this discriminant (see e.g. [AJ06] or [GKZ94, 
chapter 12. B]) and we will generalize most of them to the case of n — 1 homogeneous 
polynomials in n variables in the sequel. 

3.1.5. Vanishing of the discriminant. Assume that k is an algebraically closed field 
and let /i, . . . , fn-i be n — 1 homogeneous polynomials in k[Xi, . . . , X„] such that 
the variety Y F(/i, . . . , fn-i) C P)!"^ is finite. The following proposition says 
that the discriminant of /i, . . . , /„_i vanishes if and only if the polynomial system 
/i = • • ■ = fn-i = has a multiple root. 

Proposition 3.11. With the above notation, Disc(/i, . . . , /„_i) — if and only if 
there exists a point S, £ Y such that Y is singular at ^. 

Proof. First, without loss of generality we can assume Y n V{Xn) = 0, so that 
Res(/i, . . . , fn-i, Xn) is not equal to zero in k and 

Disc /i, . . . , /„_i = -5— 77 -f FT ^ ^■ 

R.es(/i,...,/„_i,X„) 

By the Poisson's formula [Jou91, Proposition 2.7], we have the equality 

Res(/i, . . . , /„_i, J„) — J (C)'^« 



Res(/i,...,/„_i,X„)deg(J.; 



where /ij denotes the multiplicity of f G It follows that Disc(/i, . . . , fn-i) = 
if and only if there exists a point ^ G F such that J„(0 = 0. 

Now, a classical necessary and sufficient condition for ^ G F to be a singular 
point of Y is that Ji(^) = for alH = 1, . . . , (see e.g. [Har77, Chapter I, Theorem 
5.1]). But from Lemma 3.3, ii), we have Ji(^) = £,iJn{£,) for all ^ G F and all 
i = 1, . . . , n - 1, where ^ = (^1 : ^2 : • • • : Cn-i : I) € Y C P^~^ Therefore, we 
deduce that ^ G F is a singular point of Y if and only if J„(^) = 0. □ 
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This proposition gives a geometric interpretation of the discriminant of 71 — 1 
homogeneous polynomials in n variables. We will give a more precise description 
of its geometry in Section 3.3. 

3.2. Formulas and formal properties. In this section we give some properties 
of the discriminant. Thanks to the definition we gave of the discriminant in terms 
of the resultant, it turns out that most of these properties can be derived from the 
known ones of the resultant. 

Hereafter R will denote an arbitrary commutative ring. 

3.2.1. Elementary transformations. The discriminant of n — 1 homogeneous poly- 
nomials /i, . . . , fn~i is invariant under a permutation of the /i's. It is also invariant 
if one adds to one of the fi's an element in the ideal generated by the others. 

Proposition 3.12. for all j = 1, . . . ,n ~ 1, let fj be a homogeneous polynomial of 
degree dj > I in R[Xi, . . . , X„]. Then, 

i) for any permutation a of the set {!,...,« — 1} we have 

Disc(/^(i),..., = Disc(/i,...,/„_i) in R. 

ii) for all i £ {1, . . . , n — 1} we have 

Disc(/i, + ^ Kjfji • ■ • : fn-i) = Disc(/i, . . . , /„_i) in R, 

where the hij 's are arbitrary homogeneous polynomials in R[Xi, . . . , X„] of 
respective degrees di — dj (therefore hij — if di < dj). 

Proof. Of course, it is sufficient to prove these properties in the generic case. The 
property ii) is an immediate consequence of [Jou91, §5.9]. 
To prove i), we first remark that 

Jn Jn{fa{l),- ■ ■ , fa{n-l)) = e(o-) J,i(/l, . . . , fn-l)- 

Then, using [Jou91, §5.8] we deduce that 

Res(/^(l), . . . , fa{n-l),Jn) = £(0')''' R-es(/^(i) , . . . , /^(„_1), J„) 

= e(af^-d.-^e{ay^-d.-i deg(./„)Res(/i, ...,/„, J„), 

and 

Res(/,(i),..., X„) = e(a)^-'^"-iRes(/i,...,/„_i,X„). 
From here the claimed result follows from (3.1.4) (with i — n) and the fact that 

n-l 

di . ..dn-i deg(J„) = di . . .d„_i ^(dj - 1) 

1=1 

is always an even integer. □ 
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3.2.2. Reduction on the variables. Hereafter, for any polynomial / G R[Xi, . . . , Xn] 
we denote by f^^^ the polynomial obtained by substituting Xj with in /. Notice 
that /(^") e R[Xi, . . . . . . ,X„]. 

Proposition 3.13 (n > 3). For all i — 1, . . . ,n — 2, let fi be a homogeneous 
polynomial of degree di > 1 in R[Xi, . . . ,X„]. The following equality holds in R: 

Disc(/i,...,/„_2,X„) = (-l)'^-'^"-Disc(/}"\...,/l'l)2)- 

Proof. It is sufficient to prove this formula in the generic context. From the defini- 
tion of the discriminant we thus have the equality 

Res(/i, . . . , fn-2, Xn, J„_i(/i, . . . , fn-2, Xn)) = 

Disc(/i, . . . , fn-2, Xn)Res{fi, . . . , fn-2, Xn,Xn-l). 

But, from (3. 1. 1) we deduce that 



Jn-l{fl, ■ ■ ■ , fn-2,Xn) — — 

And since 



d{fl, ■ ■ ■ , fn-2,Xn) 



d{Xi, . . . , Xn~2,X„) 



= (-1)" 



5(/l,...,/„-2) 



9{Xi, . . . , Xn-2) 



Res(/i, . . . , fn-2,Xn, Jn-lifl, /„-2, X„)) = (-1)''-'^"-^ Er=l^(<i.-1) 

R-es(/i, . . . , fn-2, Jn-l{fl, ■ ■ ■ , fn-2,Xn), Xn) 

where di . . . dn-2 ^^i=i{di — 1) is even, it comes 

Res(/l, . . . , fn-2,Xn, Jn-lifl, ■ ■ ■ , fn-2, Xn)) = 

Res(/("\ . . . , f^n%, Jn-i{f^i\- ■ ■ , &))■ (3.2.1) 

Moreover, we also have 

Res(/i, . . . , fn-2,Xn, Xn-l) = (- 1)'^^ ' ' ''^"-^ Res(/i , . . . , fn-2, Xn-1, Xn) 

= {-l)''-'"-^Res{f^''\...,fi%,Xn-i). 
Now taking the ratio of both previous quantities we obtain, 

(-l)'^-'"-^Res(/l"\ . . . , J„-i(/("\ . . . , fi%)) = 

Disc(/i, . . . , fn-2,Xn)Res{fi"\ fi%, Xn-l) 

so that, as claimed, 

Disc{f,,...,fn-2,Xn) = (- 1)'^-'^"- Disc(/}"\ . . . , /("J^) . 

□ 

The following proposition and corollary give reductions of the discriminant in 
cases where certain polynomials /i,...,/„_i do not depend on all the variables 

Xl, . ■ . , Xn . 

Proposition 3.14 (n > 3). Let k G {2, . . . , n — 1} and for all i — 1, . . . , n — 1 

let fi be a homogeneous polynomial of degree di > I in R[Xi, . . . ,Xn] such that 
12'i=i i^i ~ 1) ^ 1- Assume moreover that fi, . . . , fk-i only depend on the variables 
Xl , . . . , Xk . Then, denoting for all integer i — k, . . . ,n — I 

ft = /i(0, . . . , 0,Xfc+i, . . .,Xn) e . . . ,Xn\, 
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we have the equality 

Disc(/i, . . . , /„_i) = nr.Y '*.Disc(/i, . . . , * 



difk, • • ■ , /n-l) 



k+l, 



,Xn) 



Proof. As always, it is sufficient to prove this formula in the generic case. By 
definition we have 

Res(/i, . . .,/„_!, Xi)Disc(/i,. . . ,/„-i) = Res(/i, . . . , /„_i, Ji(/i, . . • ,/„-i)). 

From the hypothesis, the Jacobian determinant involved in this formula decomposes 
into four square blocks and one of them is identically zero. More precisely, one has 



Jiifi, ■ ■ ■ , fn-l) 



d{fi 



, fk-l) 



difk 



, fn-l) 



k+l, 



R-es(/i, . . . , fn-l, Mfl, . • . , fn-l)) = Res yfi, fn-l, 

X Res ^/i,...,/„-i. 
Now, permuting polynomials in the resultant [Jou91, §5.8], 

Res I /i,...,/„_i 



, Xn) 



diX2,...,Xk) 

and by multiplicativity of the resultant [Jou91, §5.7] we deduce 

d{fi, . . . ,/fc-i) 



a(X2,...,Xfe) 

d{fk: ■ • ■ , fn-l) 



1, • ■ • , Xn 



d{fi 



, fk-l) 



d{X2,...,Xk) 

(-l)''Res 



dUu---Jk-i) 



d{X2,...,Xu) 



■) fk^ ■ • ■ 1 fn — ] 



(3.2.2) 



where v :— {n — fc)(J]["^;^^ — 1)) > 1 and is even, and using Laplace's 

formula [Jou91, §5.10] this latter resultant is equal to 



difi,...,fk-i) 



d{X2,...,Xk) 



Res(/fc 



, fn-l) 



intld.)j:^il{d,-i) 



Res |^/i,...,/fe_i. 
Similarly, we have 

Res(/i, . . .Jn-l,Xi) = 

(_i)("-fe)(nrj-/ '^»)Res(/i, . . . , fk-i,Xi)n7^^' ''^Resih, . . . , /„-i)(nt-/ d^) (3.2.3) 

and the claimed formula follows easily by gathering these computations. □ 

Corollary 3.15. Let k e {1, ... ,n — 1} and for all i — 1, ... ,n — 1, let fi he a 

homogeneous polynomial of degree di > 1 in R[Xi, . . . , X„]. Assume moreover that 
di > 2. If the polynomials /i, . . . , /fe only depend on the variables Xi, . . . , Xk then 
Disc(/i,...,/„-i) = 0. 

Proof. First assume that fc > 2; since di > 2 we have J27=ii^i ^ 1) ^ 1- Since 
fk only depends on the variables Xi,...,Xk we deduce that, according to the 
notation of the previous proposition, fk = 0. Consequently, using the formula of 
this proposition we immediately get that Disc(/i, . . . , /,i_i) = 0. 
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Now assume that fc = 1; thus /i = UiXi^ . One may also assume that the 
polynomials /2, . . . , /n-i are generic in all the variables Xi, . . . , Xn- It follows that 
Res(/i, . . . , /n_i, Xn) is nonzero and we know that 

R.es(/i, . . .,/„_!, X„)Disc(/i,. . .Jn-i) = Res(/i, . . . , /„-i, J„(/i, . • • ,/«-i))- 

But since /i = C/iXf^ we deduce that XJ*^"^ divides J„ and consequently that 
Res(/i, . . . , Jn) vanishes. □ 

3.2.3. Multiplicativity. We now describe the multiplicativity property of the dis- 
criminant, property that was already known to Sylvester [Syl64b]. Recall that the 
discriminant of n — 1 homogeneous polynomials of degree 1 equals 1 (the unit of 
the ground ring) by convention. 

Proposition 3.16. Let f[, /{', /2,...,/n-i he n homogeneous polynomials in 
R[Xi, . . . , Xn] oj positive degree d'l, d'l, d2, ■ ■ ., dn-i > 1, respectively. Then, 

Disc(/{/{',/2,...,/„-i) = 

(-l)^Disc(/{ , /2, . . . , /„_i)Disc(/{', /2, . . . , /„-i)Res(/{ , /{', /2, . . . , fn-l)^ 
where s := d'-^d'(d2 ■ ■ ■ dn-i- 

Proof. It is sufficient to prove this result in the generic case, so let us assume that 
f{,fi, /2, • • • , /n are generic polynomials. It is easy to see that 

Jnififl, /2, • • ■ , fn) = fl-Jnifl, /2, • • • , fn) + /"^ri(/l, /2, ■ • • , fn) ^- ]\J'n + /"^r'l- 

Assume first that deg(j;') > 1 and deg(j;j > 1. Using [Jou91, §5.7 & §5.8] we 
obtain 

Res(/(/{',/2,...,/„_i,J„) 

= Res(/{, /2, . . . , /„_i, /r j;)Res(/{', /2, . . . , /„-i, /(J^') 

= (-l)^Res(/(, /f , /2, . . . , /„-i)2Res(/{, /2, . . . , /„-i, j;)Res(/{', /2, . . . , /„-i, 

where s :— d'idid2 . . . dn-i- And since 

R.es(/{/f , /2, • . • , fn~i,Xn) = Res(/{, /2, . . . , /„_i,X„)Res(/", /2, ■ . ■ , fn-l,Xn), 

we deduce the expected formula by applying (3.1.4). 

Assume now that deg(J4) = and deg(J4') ^ 1- Then, in the previous compu- 
tations, the resultant Res(/{, /2, . . . , fn-i, J'n) must be replaced by (under our 
hypothesis d[d2...dn-i = 1). But it turns out that, always since deg(J4) = 0, 
Jn = Kes{f[, f2, ■ ■ ■ , fn-i, Xn) and consequently the whole formula remains ex- 
act. A similar argument shows that this formula is also exact if deg(J4) = 1 and 
deg( j;') > 0, and if deg( 4) = deg( J^') > 0. □ 

Corollary 3.17. Let di, . . . , be n — I integers greater or equal to 2 and let 

lij, for 1 < i < n — 1 and 1 < J < c?i, be linear forms in R[Xi, . . . , A"„] . Then 

Jl^iJ'---' n '"-I'J = (-l)''II^*'*(^iJi''2,j2:---.'n-ij„_i,^j,i)^ 
where s := ^ 11"= i^ '^i Y^"=ii'^i ^ 1) '^"■'^ product runs over the set 

I • • -Jn-lihj) I 1 < jl < rfl, 1 < J2 < ^2, • • • , 1 < jn-1 < rf«-l, 

1 < i < n — 1 and 1 < j < di such that j ^ ji}. 
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3.2.4. Covariance. Assume that n > 2 and suppose given a sequence of n — 1 
positive integers (ii,...,d„_i such that '}Z'i=i(di ^ 1) > 1- For all d e N set 
Id ■■= {i e {I, . . . , n}\d, = d} and define L := {d £ N\Id 0}. In this way, the set 
{1, . . . , n} is the disjoint union of Id with d ^ L. 

Let if he a square matrix of size n — 1 with coefficients in R 



Ul,n-1 



Un-1,1 ■ ■ ■ Un-l,n-l 

We will say that y is adapted to the sequence di,. . . ,dn if and only if 



UiJ y^O ^ di 



Equivalently, ip is adapted to the sequence di, . . . ,dn if and only if ip can be trans- 
formed by row and column permutations into a block diagonal matrix whose di- 
agonal blocs are given by ipd := <^|/^x7<j for all d G L; in particular det{(fi) = 
ndeidet((^d) Gi?. 

Proposition 3.18. Assume that n > 2 and suppose given a sequence of n — 1 
positive integers di,. . . , dn-i such that J2"^i{,di — 1) > 1 and a sequence of n — 
1 homogeneous polynomials /i, . . . , /„_i in R[Xi, . . . , X„] of degree di, . . . , dn-i 
respectively. Then, for all i = — 1 and all matrix cp = (wi.j)i<i j<„_i 

with coefficients in R adapted to di,. . . ,dn-i, the polynomial ''^ijfj & R is 

homogeneous of degree di and we have 

(n-l n-l \ 

^ Ulj/j, . . . , ^ Un-l,jfj = 

( di ■•<i„_i((<i-i)+z;"=i^(<ii-i)) \ 
n<iet(^d) a Disc(/i,...,/„_i). 
dei / 

Proof. By specialization, we can assume that the coefficients of the polynomials 
/i, . . . , fn-i and all the Uij are distinct indeterminates so that R is the polynomial 
ring of these indeterminates over the integers. 
By definition of the discriminant we have 

Res (/i, . . . , /„-!, J„(/i, . . . , fn-i)) = Disc(/i, . . . , /„_i)Res(/i, . . . , X„) 

(3.2.4) 

and 



(n— 1 n— 1 / n — 1 n— 1 

/ n — 1 n — 1 \ / n— 1 n— 1 

= Disc ^ j/j, • • • 1 XI ""-i.i-^i K''^^ X] "i>J-^J' • • • ' Un-ljfj,X„ 



(3.2.5) 
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Now, it is not hard to check that 

(n-l n-l \ 

X! "Ij/j ' • ■ • ' X! ""-l.J-Z'i = dct((y3) J„(/i, . . . , fn-l) 
J=l 3=1 J 

so that 

(n — 1 n — 1 I n—1 n — 1 

^ uij/j, ■ • • , X! ""-ij/i' ^» XI "ij/j"' • • • ' XI ""-ij/i 
i=i i=i 

(n—1 n—1 
X "Ij/j' ■ • ■ ' X Un-ljf],Jn{h,- ■ ■ , /n-l) 

But since Jn(/i, . . . , /n-i) is a polynomial of degree X]r=/('^» ~ 1) > Ij the covari- 
ance property of the resultant [Jou91, §5.11] yields 

(n—1 n—1 
X ^Ij/j ' • ■ • ' X "n-lj/j , Jn(/l, • ■ • , /n-l) 

n det(^d) ^ Res(/i, ...,/„, J„(/i, . . . , fn-i j) 

and we deduce that 

(n-l n — 1 I n — 1 n — 1 

X ^l^j/j' • • • ' X ""-Ij/j"' ^» X "Ij/j"' ■ • ■ ' X ""-l.j/j" 

= det((^)'*i-''"-i [ n det((^rf) """" J Res(/i, ...,/„, J„). (3.2.6) 

Again by the covariance formula for resultants, we have 

(n-l 71 — 1 

X "I'j/j' ■ • • ' X ^ri-l.jfj,X.n 

( ndet((^<i)^^^^ j Res(/i,...,/„_i,X„) (3.2.7) 

and therefore, since det((^) = IldeL det(((Cd), the comparison of (3.2.4), (3.2.5), 
(3.2.6) and (3.2.7) gives the claimed formula. □ 

3.2.5. Reduction modulo 6. Recall from Lemma 3.3 that, for all 1 < i,j < n we 
have 

XiJjifl, ■ ■ . ,/«-l) - XjJi{fi, . . .,fn-l) e S.{fi, . . ■,fn~l) C d.A[Xi, . . .,x„] 

(3.2.8) 

where 6 := gcd(c?i, . . . , d„_i). Considering the (cohomological) Koszul complex 
associated to the sequence Xi, . . . , X„ in the ring A/S.A[Xi, . . . , X„] 

^ ^[Xi, ■ . . '^S ^[^1, ■ . ■ ^ . . ■ , 

2 — 1 
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we notice that since n> 2, its cohomology groups H'^ and are both equal to 0. 
In addition, the equations (3.2.8) imply that (Ji, . . . , J„) belongs to the kernel of 
d2. Therefore, we deduce that there exists a polynomial A G ^[^i, . . • , Xn] whose 
residue class in A/S.A[Xi, . . . , X„] is unique and such that 

Mfi, . . . Jn-i) ^ X,A modS.A[Xi,...,Xr,], l<i<n. (3.2.9) 

From here, we get the following property. 

Proposition 3.19. With the above notation, we have the following equality in ^A: 

Disc(/i, . . . , /„_i) = Res(/i, ...,/„_!, A) mod 5. 
Proof. From (3.2.9) and the multiplicativity of the resultant, we obtain that 

R.es(/i,...,/„_i, J„) = Res(/i,...,/„_i,X„)Res(/i,...,/„_i, A) mod 5. 
By definition of the discriminant, it follows that 

Res(/i, . . .,/„_!, X„)Disc(/i, . . . ,/„_i) = 

Res(/i,...,/„_i,X„)Res(/i,...,/„_i,A) mod 5 

from we deduce the claimed equality since Res(/i , . . . , /„_i , X„) is a nonzero divisor 
in A/5.A[Xi X„] by Proposition 2.3. □ 

Obviously, this result is useless ii S — 1, but as soon as 5 > 1 it allows to explicit 
the discriminant as a single resultant modulo 6. For instance, suppose given the 
two quadrics 

/i := aoXf + aiXiX2 + 02X1X3 + a^^Xj + 04X2X3 + a^Xj, 
/2 hoXl + 61X1X2 + 62X1X3 + 63X1 + 64X2X3 + 65X1. 
We have 5 = 2 and it is not hard to see that Ji = X^ A mod 2, i = 1, 2, 3, where 

61 6: 

It follows that 

Disc(/i,/2) = Res(/i,/2, A) mod 2.Z[ao, . . . , 05, 60, . . . , 65]. 

3.3. Inertia forms and the discriminant. The resultant was originally built to 
provide a condition for the existence of a common root to a polynomial system. 
For its part, the discriminant was introduced to give a condition for the existence 
of a singular root in such a polynomial system. The aim of this section is to show 
that the definition we gave of the discriminant of n — 1 homogeneous polynomials 
in n variables (i.e. Definition 3.5) fits this goal. 

Hereafter we take again the notation of Section 3.1: fc is a commutative ring and 
for alH = 1, . . . , n — 1, n > 2, we set 

/i(Xi, . . . , X„) := ^ [/i,aX" e fc^[Xi, . . . , X„]d; 

\a\=di>l 

where kA := k\Ui^a | laj = di, i = 1, . . . , n — 1]. Notice that we will often omit the 
subscript k to not overload the notation, but we will print it whenever there is a 
confusion or a need to emphasis it. 

Now, we define the ideals of C = A[Xi, . . . , X„] 

^ = (/ii • • ■ J fn-i, Ji, ■ ■ ■ , Jn), tn = (Xi, . . . , X„) 



X2 



Oi 04 

61 64 



X3 



02 a4 
62 64 
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and set B :— C/V. The ring B is graded (setting weight (Xi) — 1) and we can thus 
consider the projective scheme Proj(i3) C P^^^ that corresponds set-theoretically 
to the points {(ui^a)i,a,x) G Spec(A) x P^~^ such that the /j's and the Jj's vanish 
simultaneously. The scheme-theoretic image of the projection 

Proj(S) Spec(^) 

is a closed subscheme of Spec (A) whose defining ideal is exactly 

^ H^{B)o = TF^(2?)o 

where we recall that 

TF,n(I?) = kcr (^C -^f[Bx}j . (3.3.1) 

Proposition 3.20. If k is a domain then for all i ~ 1, . . . ,n the ring Bxi is a 
domain. 

Proof. For simplicity, we prove the claim for i — n; the other cases can be treated 
exactly in the same way. 

Let hi, be two elements in C such that their product /ii/i2 vanishes in -Bx„ 
(recall that we have the canonical projection C B — C/V). This means that, up 
to multiplication by some power of X„, this product is in the ideal T). Thus, using 
Lemma 3.3, ii), we deduce that there exists j/ e N such that 

X!^hih2 £ (/l, . . . , /ti-1, Jn)- 

Now, taking the additional notation of the subsection 2.1, we substitute each £i by 
£i-fi and obtain that hih2{£i-fi) G (J„) in A[Xi, . . . ,X„_i] (since /j(fi-/i) = 0). 
But by Lemma 3.1 J„ is prime in . . . ,X„_i] and it follows that it divides 

hi{£i — fi) or h2{£i — fi), say hi{£i — fi). Therefore there exists /i G N such that 

^/^/ii e (/i,...,/„_i,J„) CP, 

that is to say hi equals in i?x„ , and the claim is proved. □ 
Corollary 3.21. Moreover, for all i = 1, . . . ,n we have 

TF,,(I?) = TF(x.)(2?) = ker(C ^ Bx,), K{B) = H^^^^{B). 
In particular, 

<p - A n (/i, . . . , /„-i, J„) c A[Xi, . . . , Xn-i]. 

As a consequence, if k is a domain then TFm(I') and are prime ideals of kC and 
kA respectively. 

Proof. The only thing to prove in that for all couple of integers («, j) G {1, . . . , n}^ 
the variable Xi is a nonzero divisor in the ring Bx ■ Indeed, this property implies 
immediately the equalities given in this corollary (similarly to (2.1.2) and (2.1.3) 
for the case of the resultant). From here, assuming moreover that fc is a domain we 
deduce that TFm(I?) and *P are prime ideals by Proposition 3.20. 

So let us fix a couple of integer (i, j) G {1, . . . , n}^ and prove that Xi is a nonzero 
divisor in kBxj (for any commutative ring k). By Proposition 3.20, this property 
holds if fc is a domain. On the one hand, this implies that zBxj is a torsion-free 
abelian group, hence flat (as a Z-module). On the other hand, this implies that 
the multiplications by Xi in -lBx^ and z/pi.Bxj , P a prime integer, are all injective 
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maps. Denoting by the quotient abelian group of the multiphcation by Xi in 
zBxj, we deduce that zQ is a torsion-free, hence fiat, abelian group. Indeed, the 
exact sequence of abelian groups 

^ zBx, ^ zBx, ^ zQ (3.3.2) 
is a flat resolution of ^-i^d it remains exact after tensorization by Zi/pZ over Z 
for all prime integer p. Therefore Tor^ (Z/pZ, zQ) = and hence zQ is torsion-free, 
hence flat. As a consequence, for any commutative ring k we have Tor^(z(3, fc) = 
and therefore the multiplication by Xi in kBxj is an injective map, i.e. Xi is a 
nonzero divisor in kBxj- O 

Lemma 3.22. Disc(/i, . . . , /„_i) belongs to the ideal *p C k^- 

Proof. By specialization, it is sufficient to prove this property under the assumption 
that fc = Z. Denote p := Res(/i, . . . , From Definition 3.5 and Lemma 

3.3, ii) we deduce that there exists v such that 

X>Disc(/i, . . . ,/„_i) G J„). 

Now, taking again the notation of subsection 2.1 and substituting each £i by £i — fi 
we deduce that pDisc(/i, . . . , fn-i){£i - fi) e in A[Xi, X„_i]. But J„ is 
prime in ^[Xi, . . . , X„_i] by Lemma 3.1, and it is coprime with p since p does not 
depend on the variables Xi , . . . , Xn and is also prime. Therefore J„ must divide 
Disc(/i, . . . , fn-i){£i — fi) and we obtain that there exists /i € N such that 

X/^Disc(/i, . . . , fn-l) e (/l, . . . , fn-1, Jn) C V. (3.3.3) 

In other words, Disc(/i, . . . , fn-i) e TF(x„)(P) = TF^(P). □ 

Theorem 3.23. If 2 is a nonzero divisor in k then *P is generated by the discrim- 
inant Disc(/i, . . . , fn-i)- In particular, if k is moreover assumed to a domain then 
Disc(/i, . . . , fn-i) is a prime polynomial in kA. 

Proof. We first prove this theorem under the assumption that fc is a UFD. So 
assume that fc is a UFD and let a e *:p = TFm(X>) n A. Then there exists v e N 
such that X^a e (/i, . . . , /„-i, J„). Therefore we have the inclusion 

(/l, ■ • • , fn-l,X!^a) C (/l, . . . , /n-l, Jn) 

from we deduce, using the divisibility property of the resultant [Jou91, §5.6], that 
Res(/i, . . . , fn-i, Jn) divides Res(/i, . . . , /„_i, 

Let us denote by p := Res(/i, . . . , X„) — Res(/i"\ . . . , /,j"\) (see Remark 
3.6). From Definition 3.5 and the multiplicativity property of the resultant [Jou91, 
§5.7] we obtain that 

Disc(/i, . . .Jn-i) divides a'ii-d"-ip''-i (3.3.4) 

for all a e *p. But it turns out that Disc(/i, . . . , fn-i) and p are coprime in A. 
Indeed, since p is irreducible, if D := Disc(/i, . . . , /„_i) and p are not coprime 
then p must divide D. Consider the specialization where each polynomial fi is 
specialized to a product of generic linear forms. Then, p specializes to a product 
of determinants where each determinant is a prime polynomial (see for instance 
[BV88, Theorem 2.10]) in the coefficients of these linear forms except the ones 
of the variables Xn- On the other hand, D specializes to a product of square of 
determinants (see Corollary 3.17), where each determinant is a prime polynomial 
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in the coefBcients of the generic linear form and does depend on the ones of the 
variable Xn- We thus obtain a contradiction and deduce that p and D are coprime. 
[BV88, Theorem 2.10] Therefore, from (3.3.4) and the fact that p is prime in A we 
deduce that for all a G ^ the discriminant D divides a''i - '^"-i and hence that 



Since is prime, we deduce that D = c.PP where c is an invertible element in k, p 
is a positive integer and P is an irreducible element in A such that *p is a principal 
ideal generated by P. 

Now, always under the assumption that k is UFD, wc will prove that p = 1 if 
2 7^ in fc. Notice that we can assume di > 2 because if c?i = ■ • ■ = c?„_i = 1 then 
*P — (D) — A and we can permute polynomials by Proposition 3.12, i). To begin 
with, consider the specialization of the polynomial /i to a product of a generic 
linear form I and a generic polynomial /{ of degree di — 1. By Proposition 3.16, D 
specializes, up to sign, to the product 



Disc(Z, /2, . . . , /«-i)Disc(/{, /a, . . . , /„_i)Res(;, /{, /z, . . . , /„_i)' 



(3.3.5) 



Since all the polynomials /(, /a, . . . , fn-i are generic of positive degree, this prod- 
uct is nonzero. Moreover, the factor Res{l, f{, f2, ■ ■ ■ , fn-i) is irreducible and is 
clearly coprime with the two discriminants appearing in (3.3.5). It follows that 
necessarily p < 2, i.e. p — 1 or p — 2. 

To prove that p = 1, equivalently that D is irreducible, we proceed by induction 
on the integer r := di- The intricate point is actually the initialization step. 

Indeed, assume that D is irreducible for r = n (observe that £) = 1 if r = n — 1). 
Then, using the specialization (3.3.5), we deduce immediately by induction that 
both discriminants in (3.3.5) are irreducible and coprime, and consequently that 
D is also irreducible. Therefore, we have to show that if di = 2 and d2 = ■ ■ ■ — 
dn-i = 1 then D is irreducible. For that purpose, we consider the specialization 



/l = Ul,lXf + Ul,2XlX2 + U2,2Xi+J:^=3U^,^X! 
/2 = X3, — V3X1 

fn-1 — Xn — VnXi 



and the matrix 



-V3 1 



-14 
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that corresponds to a linear change of coordinates such that fi = Xi+i o for all 
i = 2, . . . , n — 1. Applying Proposition (3.27) then Proposition 3.13, we get 

Disc(/i,/2,.. •,/„-!) = Disc(/i o V5~\X3, . . . ,X„) 

= Disc [ui,iXl + UiaXiX2 + U2,2Xl + Y ^M^^'^i' j 

= Disc 1^ I^C/ia + Y U^M^ Xl + Ui,2XiX2 + t/2,2X| j 

= - 4C/2,2 |^C/i,i + U,,,vi^ . 

Since 2 7^ in fc, this is an irreducible polynomial. Therefore, we deduce that 
necessarily p — 1, i.e. that D — c.P. Since c.P also generates *P — (P), we conclude 
that D is an irreducible polynomial that generates Cp. This concludes the proof of 
the theorem under the assumptions that fc is a UFD and 2 7^ in fc. 

It remains to show that this theorem holds with the single assumption that 2 is 
a nonzero divisor in fc, fc being an arbitrary commutative ring. For that purpose, 
consider the exact sequence of abelian groups 

Q-^^A^^A^ ^Bx„ ^E^O (3.3.6) 

where the map on the left is the multiplication by D, the map on the middle is 
the canonical one and where E is the cokernel of this latter. By what we have 
just proved above, this sequence is exact and remains exact after tensorization by 
Z/pZ over Z for all prime integer p 7^ 2 (they are all UFD). Since zA and zBx„ are 
torsion-free, the exact sequence (3.3.6) is a flat resolution of E and therefore for all 
integer i > 2 the abelian group Torf(— ,i?) is supported on V{{2)). Now, let M be 
an abelian group without 2-torsion. The abelian group A/(2) is a flat Z(2)-module 
and hence for alH > 1 we have 

Torf (M, £;)(2) ~ Torf<^' (Z(2) M, Z(2) ® P) ~ Torf<^' (M(2), ^(2) ® E) ^ 0. 

It follows that Torf (Af, £')(p) = for all i > 2 and all prime integer p, so that 
Torf (Af, E) = for all i >2. Consequently, since 2 is a nonzero divisor in fc, k has 
no 2-torsion and we deduce that the sequence obtained by tensorization of (3.3.6) 
by k over Z 

0^ kA^ kA^ kBx„ -^k(g,E~^0 
is exact and the theorem is proved. □ 

It is reasonable to ask what happens if 2 is a zero divisor in k. As shown in 
[AJ06, §8.5.2], one can not expect in this case that the discriminant generates *P, 
nor even that *p is a principal ideal. Indeed, in loc. cit. the authors exhibit an 
example where *P is not a principal ideal with the settings n = 2, di — 2 and 
k = Z/2'"Z with r > 2. Nevertheless, we will show in the following theorem that 
the situation is not so bad if k is assumed to be a domain. 

Theorem 3.24. Assume that k is a domain and that 2 = in k. Then 

Disc(/i,...,/„_i) 

where P is a prime polynomial that generates 
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Proof. Wc first prove this tlieorem under the stronger assumption that fc is a UFD 
such that 2 = in A;. To begin with, recall that in the proof of Theorem 3.23 it is 
shown that there exists a prime element P A and an integer p < 2 such that the 
discriminant D :— Disc(/i, . . . , /„_i) satisfies D = c.P^ , P being a generator of 
the prime and principal ideal *p. We will show that p = 2 under our assumptions. 
Our strategy is based on the use of a Mertens' formula that allows to rely on a 
discriminant of a unique bivariate and homogeneous polynomial. Indeed, in this 
case (i.e. n = 2) it is known that the claimed result holds [AJ06, Proposition 60] 
(see also Theorem 4.26 in the case n = 2 for a self-contained reference). 

Introduce some notation related to the Mertens' formulae given in the appendix 
at the end of this paper. Let Ui, . . . ,Un be new indeterminates and define 



0(f/i,...,[/„) :=Res(/i, 



i=l 

. . , Un] for all i 



and 0i{Ui, . . . , Un) d9/dUi £ A[Ui, . . . , Un] for all? = 1, . . . , n. In addition, let 
Vi, . . . ,Vn, Wi, . . . , Wn, X,Y he a. collection of some other new indeterminates and 
consider the ring morphisms 

p: A[Ui,...,Un] ^ A[Vi,...,Vn,Wu...,Wn][Xi,...,Xn] 



I-)- 



and 



p:A[Ui,...,Un] 

U^ 



A[Vu...,Vn,Wl,. 
V^X + W^Y. 



■,Wn][X,Y] 



To not overload the notation, we will sometimes denote a collection of variable with 
its corresponding letter underlined. For instance, Vi, . . . ,Vn will be shortcut by y_. 

Our aim is to show that the multivariate discriminant Disc(/i, . . . , /„) e A 
divides the bivariate discriminant Discx,y(/o) G ^[H, W^]. To begin with, introduce 
two collections of new indeterminates ti,...,t„ and and define the 

matrix 

' tn •■• Zi ' 



LP 



















-ti ~t2 ■ ■ ■ —tn~l Zn 

Applying the base change formula for the resultant [Jou91, §5.12], we get 



Oz := Res(/i o . . . , /„_! o LP, (^ UiXi) o ip) 



dei{ip) 



9{U) (3.3.7) 



in the extended ring A[U_,t,Z]. Now, set /„ := UiXi. Having in mind to 

use Corollary 2.6, we need to identify for all i,j = the coefficient, say 

Vij, of the monomial in the polynomial fi o (p. The coefficients Vi^n are 
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easily seen to be equal to fi{Zi, . . . , Z„) since one only has to evaluate fiOipat 
Xi — ■ ■ ■ — Xn~i — and Xn = 1. Then, to get the coefficients Vi.j with j ^ n, 
we have to differentiate fio ip with respect to Xj and finally evaluate the result at 
Xi = • • • = Xn-i = and Xn — f ; we find 

Vij = ^riQj^iZi, ...,Zn)~ ^iQj^i^^' ■ ■ • '^")' j ^ n. 



We claim that 

P:=det(K,)^^^.^, „ 



^ U,Z, tir^At mod (/i(Z), . . . , /„_i(Z)) (3.3.. 



in A[U_,t,Z_], where At stands for the Jacobian matrix 



A* 



diXi,...,Xn) 
Indeed, from the definition, it is easy to see that 



i=l 



mod 

Denote by M the determinant appearing in this equality. Then, it is clear that 



tnM = 



dXi 
tntl 



tr 



and (3.3.8) is proved. Therefore, by Corollary 2.6 there exists Hi E A[U_,t,Z] such 
that 

n 

Oz - VHi e (/i(Z), . . . , /„_i(Z), ^ UAf 

i=l 

and hence, using (3.3.7) and (3.3.8), we obtain that 



t. 



{n — 2)di . ..dn-i 



/i(z), . . . , fn-iiz), J2 u^z^ E ^^^^ 



Applying the operator Ud{—)/dUi, we get 



(ra-2)di...d„_i 



Y.UZ.. 



/i(z),...,/„_i(z), lj2uzAf:,-^At, [f2u^z^ 



\i=l 
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Now, we send this relation through the morphism p and substitute X to Z_. It turns 
out that X^ILi ^i^i is sGnt to zero and hence we obtain that 

\j=l / z=l 

By the divisibihty property of the resuhant [Jou91, §5.6], we deduce that the re- 
suhant Res(/i, . . . , /„„i, Ai) divides 

But by definition, 

n 

Res(/i, . . . , /„_i. At) = Disc(/i, . . . , /„_i)Res(/i, . . . , /„-i, ^ UXi) 

i=l 

and by the second Mertens' formula and the multiplicativity property of the resul- 
tant we have 

2 2 " 

(-l)'^-'^"-ti"-'''--'"-^Discx,y(p(0))Res(/i, . . . , ^ 

i=l 

Since Disc(/i, . . . , fn-i) and Res(/i, . . . , X)r=i ^-i-^i) are coprime (the latter 
is irreducible and depends on t which is not the case of the discriminant) we deduce 
that there exists H e such that 

Discx,y(p(0)) =i/Disc(/i,...,/„). 

To finish the proof, we will show that H and Disc(/i, . . . , /„) are coprime, so 
that p must be equal to 2 since Disc(p(0)) is a square, as a specialization of a square. 
For that purpose, we proceed as in the proof of Lemma A (in the appendix): we 
specialize each polynomial fi, i = 1, ... ,n — 1 to the product of di generic linear 
forms 

di 

h,j '■— Uij^iXi + Uij^iX2 + - ■ ■ + UijjiXn = E] Uij^rXr, i — I , ■ . ■ , n, j — 1 , . . . , di- 

r=l 

After this specialization, we get (see the proof of Lemma A) 
Disc(p(6')) = 

± n (Aa(Fi, . . . , Vn)A^{Wi, ...,Wr,)- Ax{Wi,. . . , W„)A^{Vu. . . , Va)f . 

On the other hand, Proposition 3.17 yields 

(di d„^i \ 
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Moreover, if A = (ji, . . . , j„-2, and /x = (ji, . . . , jn-2, then we have the 

equahty 

AxiVi,. . . , F„)A^(VKi, . . . , W„) - AxiWi, Wn)A^{Vi, . . . ,V„) ^ 

det(/ijj, ^2^2: ■ • ■ 7 ^n-lj;_j, 'n-lj;'_J X det(Zi^j-^ , ^2 j2 7 • ■ ■,V,W) 

(it is easy to check this formula in the case n — 2; then the general case can be 
deduced from this by developing each determinant in this equality with respect to 
their two last columns). Therefore, H and Disc(/i, . . . , /„) are coprime. So we have 
proved that D — c.P^ under the assumptions fc is a UFD and 2 = in fc. 

Now, assume that fc is a domain such that 2 = 0, and set F := Z/2Z for 
simplicity. The injective map F ^ k \s flat for fc is a torsion-free _F-module (fc is 
not the trivial ring). Therefore, the canonical exact sequence (see Corollary 3.21) 

^ i=^TFn^(P) fC^ fBx„ 

remains exact after tensorization by fc over F. Since pC (E)f k kC and fBx^ ®f 
k ~ fc-Bjf„ we deduce that 

feTF„(P) ~ fTF„(2?) ®Fk 

and hence that ~ f"^ ®f k. Moreover, F is a UFD and hence we have proved 
that fD = where P is a prime element that generates fV (observe that the 
unit c is necessarily equal to 1 in _F). Considering the specialization p : fA — > 
it follows that p{P) generates and kD = p{fD) = p{P)^ (by definition of the 
discriminant) and this concludes the proof of this theorem. □ 

Before closing this section, we give a refined relationship for the discriminant. Let 
i? be a commutative ring and suppose given /i, . . . , fn-i homogeneous polynomials 
in R[Xi, . . . , Xn] of respective positive degree c?i, . . . , (i„_i. Recall the notation 
/i(Xi,...,X„_i) := fi{Xi,...,Xn-i,l) e R[X^...,Xn-i] (and similarly for J„). 
An immediate consequence of the proof of Lemma 3.22 (see (3.3.3)) is that 

Disc(/i,...,/„_i) G (/i,...,/„-i, J„) C A[Xi,...,X„^i]. 

The following theorem, which appears in [AJ06] for the case n = 2, improves this 
result. 

Theorem 3.25. With the above notation we have 

Disc(/i,...,/„_i) e i?n (^/i,...,/„_i, J„^) C i?,[Xi,...,X„_i]. 

Proof. As always, it is sufficient to prove this theorem in the generic case of Section 
3.1; /i, . . . , fn-i are supposed to be homogeneous polynomials in . . . , Xn], 

where A is the universal coefficient ring, of respective positive degree c?i, . . . , dri-i- 
We recall that J„ denotes the Jacobian determinant I d{Xi' "''x~'^l) I ^^"^ ^'^^ 
any polynomial P in Xi,...,Xn we denote by P (resp. P) the polynomial in 
Xi, . . . ,Xn-i obtained by substituting Xn by 1 (resp. 0) in P. 

Let us introduce the new indeterminates Ti, . . . , r„ and, setting S := deg( J„) = 
i^i ~ 1)' consider both resultants 

p := Res(/i, . . .,/„_!, X„) = Res(7i, . . . ,7„_i) G A, 
TZ :— Res(/i — TiX^^ , ■ ■ ■ , fn-i — Tn-iX^"^^^ , J„ — T„X^) G A\Ti, . . . , T„]. 
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Since the /i's are generic polynomials, we know that p is an irreducible element in 
A generating the inertia forms ideal 

T ■■= TF(Xi,...,X„_i)(/l, ■ • • /n-l)o = TF(Xi,...,X„)(/l, • • • , fn-l,Xn)o C A. 

From Lemma 3.3, ii) (take i — 1, . . . , n — 1 and j ~ n), we deduce that J„ S T. 
Consequently, polynomials fi — TiX^^ , . . . , fn-i — T!,i_iX^""^ and J„ — T„X^ are 
in r A[Ti, . . . , r„] and it follows that U itself is in T ®a A[Ti, . . . , T„]. This 
implies that p divides TZ: there exists H{Ti, . . . , r„) G A[Ti, . . . , T„] such that 

7^ = pi/(Tl,...,^„) e^[Ti,...,T„]. 

This polynomial _ff have the two following important properties: 

. i?(0,...,0) = Disc(/i,...,/„_i) e A (by (3.1.4)), 

• //(/i,...,/„_i, J„) = 0e A[Xi,...,X„_i] (by (2.2.2)). 

Therefore H{Ti,...,Tn) gives (similarly to (2.2.2) for the resultant) an explicit 
expression of the discriminant of /i, . . . fn-i as a polynomial in /i, . . . , fn-i, Jn 
with coefficients in A and without constant term; in other words as an element in 
J„A[/i, . . . , /„_i, Jn]+Y.'lli fiA[fi, /„_i, Jn]- We claim that the coefficient of 
H (seen as a polynomial in the Ti's) of the monomial T„ is zero, and this implies 
our theorem. 

To prove this claim, it is sufficient to prove the same claim for 7?. G A[Ti, . . . , T„], 
and even, by performing the specialization (which leaves J„ invariant) 

h+ T^Xf: for aU i = 1, . . . ,n - 1, 

for the resultant 

Res(/i, . . . , /„_i, J„ - TnX'j G A[Tn]. 

Let K be the quotient field of A and K its algebraic closure. Then the /i's have 

infinity, in P""^ 

3.11, the Poisson's formula gives 

Res(/i, . . . , /n-l, Jn - TnX^) _ j-r J f .^ _ rp 

Res(7„...,7„.,)^ -ll(^-aa-7^.), 

where / := G A^~^ f^{^) ^ . . . = /„_i(^) = 0}. But the coefficient of T„, up 
to a nonzero multiplicative constant, equals 



di . . . dn-i simple roots, none at infinity, in . As in the proof of Proposition 



This latter quantity vanishes since its second factor is zero by the well known Jacobi 
formula. □ 

Remark 3.26. Observe that we actually proved that 

ri-l 



Disc(/i, . . . , fn-l) G Jn^A[fi, fn-1, Jn] + ^ /j^[/l, ■ • ■ , /n~l, Jn\- 

i=l 
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3.4. The base change formula. In this section, we investigate the behavior of 
the discriminant of n — 1 homogeneous polynomials in n variables under polynomial 
compositions. Although the situation is much more involved compared to the case 
of the resultant [Jou91, §5.12], we provide a detailed base change formula. We begin 
with the case of a linear change of coordinates. 

Proposition 3.27. Let R be a commutative ring and fi (i — — Ij he 

a homogeneous polynomial of degree di > 1 in R[Xi, . . . , Xn\. Given a matrix 
^ — ['^i-j]i<i j<n with entries in R and denoting, for all f G R[Xi, . . . , X„], 

(n n 
Cl.lXi H h Ci,„X„, . . . , ^ CijXj, ■ . . , ^ Cn.jXn 

we have 

Disc(/i o ^, . . . , o ^) = det(^)'*-^"-i(5:rr,Hrf>-i))Disc(/i, . . . , 
Proof. We prove this proposition in the generic case. By Definition 3.5, we have 

Res(/l O . . . , fn-l O ip, Xn O (y3)Disc(/l O 1^, . . . , /„_! O 1^) 

= Res(/i o 1^, . . . , /„_i o (f, J,i{f o (f)). 

Now, since J„(/ o i^) = J„(/i, . . . , o [(/?]. det((/3) (the classical formula for 
changing variables), we deduce from [Jou91, §5.12] and the homogeneity of the 
resultant that the numerator of the previous display is equal to 

detM'^-'^"-^Res(/i, . . . , /„_i, J„) det(^)'^-''"-^"-"i'('^'-i), 
and the denominator is equal to 

Res(/i, . . . , fn^i,Xn) det{ipf''-'^"-K 
The result follows by simplifying det(c/?)'^i'- -''*"-i jj^ both previous equalities. □ 

Corollary 3.28. Take again the notation of ^3.1.2. Let m be a fixed integer in 
{1, . . . , n} and define a grading on the ring kA = k[Ui^oi \ \ct\ = di] by 

weight(;7i,ai,...,a„) "m- 
Then Disc(/i, . . . , /n-i) G fe^ is homogeneous of total weight 

n-l 

di . ..dn^i ^(rfj - 1). 

i=l 

Proof. It is an immediate corollary of Proposition 3.27 by taking the diagonal ma- 
trix if — [cij] where Cm,m — t, where i be a new indeterminate, and Ci^i = 1 if 
i ^ m. □ 

We now turn to the general situation. 

Proposition 3.29. For all i ^ I, ... ,n — I, let fi be a homogeneous polynomial 
of degree di > I in R[Xi, . . . ,Xn], where R is a commutative ring. If gi, . . . , gn 
are n homogeneous polynomials of the same degree d > 2 in R[Xi, . . . , X„] then, 
denoting fiO g := fi{gi, . . . ,gn) for all i = 1, . . . ,n — 1, we have 

dd"-' mS,' rf>Disc(/i 05,..., /„_i o g) = Disc(/i, . . . , fn-lf"" 
Res(5i, . . . ,5n)''^-''"-^"^-"''''"'^'"'^Rcs(/i o .g, . . . , /„_i o g, J(gi, . . . , g„)). 
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Proof. As always, we assume that we arc in the generic situation over the integers, 
which is sufficient to prove this formula. Let us introduce the polynomials F :~ 
Uigi + ■ ■ ■ + Ung-n which is homogeneous of degree d in the variables Xi, . . . , Xn- 
Then by (3.1.5) we get 



rfd""^nrr,^d.Disc(/io5,...,/„_io.g) 



R-es(/i og, ...,/„_! o g,J{f o g,F)) 



Res(/i 05, ...,/„_! og,F) 

But J(/i 05, . . .,/„_! 05, i^) = J(/i, . . .,/„-!, I]r=i UiXi)og X J{gi, ...,gn) and 
deg(J((7i, . . . ,gn)) = n{d — 1) > 1. By the base change formula for the resultant 
[Jou91, §5.12] we deduce that, denoting / := X]r=i ^i-^i using obvious notation, 

Res{f o g,J{f o g,F)) = Res(/ o g, J(/i , . . . , /„„i , o 5)Res(/ o g, J(g)) = 

Res(/, J(/i, . . . , /„_i, /))'^""Res(5i, . . . ,5„)''^-''"-^(^-"(*-'»Res(/ o g, J{g)) 

and 

Res(/i og,..., /„_i o g, F) = Res(/i, . . . , /„„i, 0''""'lles(5i, . . . , g^)'"'-''"-' . 
Therefore the claimed formula follows. □ 

This first base change formula is not completely factorized. Indeed, it is not 
hard to see that Res((7i, . . . , gn)'^^'"'^"^^ divides Res(/ o gr, J{gi, . . . ,g„)) and this 
latter must contain other factors by degree evidence. Let us state this property 
more precisely. 

Lemma 3.30. There exists a polynomial in the coefficients of the fi 's and the gi 's, 
denoted K{f,g), such that 

Res(/ o 5, Jig,, 5„)) = d""'" nr.i *Res(gi, . . . , 5„)nr^i d.Kif, g). 

Proof. As always, we assume that we are in the generic situation over the integers, 
which is sufficient to prove this formula. For all i = 1, . . . , n — 1, it is clear that 
/i ° .9 e (.91, ■ • ■ Moreover, we also have that XnJ{gi, . . . ,5n) G (Si, ■ • ■,9n)- 

Therefore, applying the general divisibility lemma for the resultant [Jou91, Propo- 
sition 6.2.1], we deduce that Res(gi, . . . ,.9„)niLi divides 

Res{f o g,XnJ{gi, . . . ,5n)) = R-es(/ o g, J(gi, . . . , g„))Res(/ o X„). 

Now, we claim that Res((7i, . . . , and Res(/ o g, Xn) are relatively prime, which 
concludes the proof. Indeed, Res(gi, . . . , g„) being irreducible, if it divides Res(/ o 
g,Xn), then it must divides any specialization of this latter resultant where the 
(7i's are left generic. So, if we specialize each polynomial fi to Xf^ then this resul- 
tant specialize to Res(5i, . . . , (7„_i, X„) which is irreducible and independent of the 
polynomial Therefore, we obtain a contradiction. □ 

By gathering Proposition 3.29 and Lemma 3.30, we are ready to give a base 
change formula which is completely factorized. 

Theorem 3.31. With the notation of Proposition 3.29 and Lemma 3.30, we have 

Disc(/i 05,..., /„_i 05)= Disc(/i, . . . , /„_i)''" 

Res(5i, . . .,gnf K{f,, . . . , f„^,,g,, . . . ,g„). 
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The polynomial K{f,g) is homogeneous with respect to the coefficients of the poly- 
nomials gi, . . . ,gn of degree 

n 

n{n-l){d-l)d"-^Y[d^ 

i=l 

and, for all = 1, ... ,n — 1, it is homogeneous with respect to the coefficients of the 
polynomial /,; of degree 



n{d-l)d'' 



rri-2 



di...dr, 



di 

Moreover, if k is a domain then K{fi, . . . , fn-i, gi, . ■ . , gn) G kA satisfies to the 
following properties: 

i) K{ f,g) is irreducible if 2 ^ in k, 

ii) K{J,g) is the square of an irreducible polynomial if 2 = in k. 

Proof. The first equality follows directly from Proposition 3.29 and Lemma 3.30. 
The computations of the degrees of K can be deduced from this formula and the 
degrees for the discriminant and the resultant. Indeed, since for alH = 1, . . . , n — 1 
the polynomial fiogis homogeneous of degree ddi in the Xi^s, by Proposition 3.9 
we deduce that Disc(/i o g,. . . , /„_i o g) is homogeneous of degree 



T-rn-l^ / n-l > 

A I ' I idd^ - 1) + Y.^d'^i " 1) 



; • ■ • ; yn 



i-1 

with respect to the coefficients of the polynomial f i and of degree 

n—1 / n—1 \ n—1 

D:=Y, d^D^ = nd''-^ \Y[dA ^(dd, - 1) 
1=1 J 1=1 

with respect to the coefficients of the polynomials gi,. . . ,gn. Therefore, it follows 
that K is homogeneous with respect to the coefficients of the polynomial fi of 
degree 

A - rf"-^^^^ (^id. - 1) + - 1) j = - 1)^""' 

and is homogeneous with respect to the coefficients of the polynomials gi 
of degree 

(n—1 \ n—1 n 
Y[ d, J2(d^ - 1) = - - 1)^^""^ n 
i=l ) i=l 1=1 

since Res(f/i, . . . , gn) is homogeneous of degree nd"~^ with respect to the coefficients 
of the polynomials gi,. . . ,gn. 

Now, we turn to the proof of the irreducibility of K. First we observe that 
it is sufficient to prove the claimed properties in Frac(A;) so that we will always 
work in a UFD. We begin with the case where 2 7^ in A:. We will proceed by 
induction on the integer r = di + d2 + ■ ■ ■ + (in-i- The difficult point is actually 
to prove this irreducibility property for r = that is to say for the case 

di — ■ ■ ■ — d„_i = 1. Indeed, let us assume this for a moment and suppose 
that r > n — 1. Then, at least one of the degree di is greater or equal to 2 
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and we can assume without loss of generality that it is di by permuting the /i's 
if necessary. Consider the specialization that sends /i to the product of a generic 
form I and a generic polynomial f[ of degree c?i — 1. Lemma 3.30 implies that K has 
a multiplicativity property with respect to the polynomial /i ,...,/„ , so that this 
specialization sends K(fi, . . . , /„) (we omit the g^'s in the notation for simplicity) 
to the product K{1, /2, . . . , fn)K{f[, /2, . . . , /«). Now, if K is reducible then all its 
irreducible factors depending on the polynomial /i must depend on I and /{ after the 
above specialization. Therefore, since K{1, /2, ■ . ■ , /«) are K{f[,f2, ■ ■ ■ , fn) are both 



irreducible by our inductive hypothesis and distinct, we deduce that K(fi, . 
is also irreducible. 

So, it remains to prove that K is irreducible in the case di = ■ ■ ■ = dn-i = 
fi = for alH = 1, . . . , n — 1, introduce new indeterminates Wi, . 

and define the determinant 



■ ■ 1 fn) 

1. Set 



A ;= 



Wi 



Ul,2 
C/2,2 

Un-1.2 
W2 



U2,n 
Uri—l.n 



By (3.1.5) and the covariance property of resultants [Jou91, §5.11], we have 
Res ^/i o g, . . . , /„_i o 5, J ^/i o g, . . . , /„_i ° ff' ^ W^g}j ^ 

= d'^^ 'Res ^/i o g, . . . , /„_i °9^Y1 ^i9i^ Disc(/i o g, . . . , /„_i o g) 

^^d" i^d" 'Res(gi,...,g„)Disc(/i o5,...,/„_i 05). 

On the other hand, since A. J(gi, . . . , g„) = J(/i o . . . , /„_i o g, ^"^^ Wig^) we 
obtain that 

R-es ^/i o g, . . . , /„„i o g, J ^/i o 5, . . . , /„_i o g, ^ j j 

= Res (/i o g, . . . , /„_i o g, A. J(5ri, . . . , g„)) 

= A"*" 'Res(/i o g, . . . , /„_i o g,J{gi, g„)) 

= A'*" "'d''""' Res (51, . . . , gn)K{fi, ...,/„, 51, ... , g„). 

where the last equality follows from Lemma 3.30. Therefore, by comparison of these 
two computations (in the generic case over the integers and then by specialization) 
we deduce that 



K{fi, ■ . . • ■ •,.?«) = Disc(/i o . . . , /„_i 05) 



(3.4.1) 



under our assumption di = ■ • • = ci„_i = 1. In order to show that this discriminant 
is irreducible, we will compare several specializations. 

We begin with the specialization of the polynomials /i, . . . , to Xi, . . . , Xn^i 
respectively. Under this specialization, the polynomial fiogis sent to gi for all 
i — 1, . . . ,n ~ I and hence Disc(/i o . . . , o 17) is sent to Disc((7i, . . . ,gn-i) 
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which is known to be an irreducible polynomial in the coefficients of the polyno- 
mials 51, ... , gn-i by Theorem 3.23. It follows that if Disc(/i o g, . . . , o g) is 
reducible, then necessarily there exists a non constant and irreducible polynomial 
P{Uij) which is independent of the coefficients of the polynomials gi, ...,(;„ and 
that divides Disc(/i o . . . , o g). 

Now, consider the specialization that sends the polynomial gn to 0. Then, 
Disc(/i og^..., /„_i o g) is sent to 



Disc 



Uijgj,.. 



n-l 

E 

1=1 



Un^ljg-j 



n(d-l)d" 



X Disc(gi, . . . 



Un-1,1 ■ ■ ■ Un-l,n-l 

where the equality holds by the covariance property given in Proposition 3.18. We 
deduce that P(Uij) is equal to the determinant of the matrix {Uij)i<ij<n-i up to 
multiplication by an invertible element in k. But if we consider the specialization 
that sends the polynomial gi to 0, then by a similar argument we get that Disc(/i o 
g,---, fn-i o .9) is sent to 



Disc 



\i=2 



i=2 



Ul, 



l,n 



Un-l- 



n{d-l)d" 



Disc{g2,--.,gn)- 



Therefore, we deduce that P{Ui,j) should also be equal to the determinant of the 
matrix (C/i,j)i<ij<n-i up to multiplication by an invertible element in k and hence 
we get a contradiction. This concludes the proof of the irreducibility of K when 
2^0 ink. 

Now, we turn to the proof that K is the square of an irreducible polynomial 
under the assumption 2 = in A:. By Theorem 3.24, the discriminant is the square 
of a polynomial, irreducible in the generic case, that we will denote by A. Now, 
define the polynomial x by the equality 

A(/l O 5, . . . , /„_i O 5) = A(/i, . . . , fn-lf"" 

Res(ffi, . . .,<?„) ^-"^'--'^xai, . . . , /„-i, 51, ...,<?„) 

so that K{fi,...,fn-i,gi,---,gn) = x{fi,---Jn-i,gi,---,gnf- To prove that x 
is an irreducible polynomial we can proceed similarly to the case where 2 ^ in fc: 
we proceed by induction on the integer r = c?i + • ■ • + dn-i > n — 1. Assuming for 
a moment that the statement holds for r = n — 1, then the reasoning is exactly the 
same: x inherits of a multiplicative property from K and hence by specializing one 
polynomial of degree > 2, say /i, to the product of a linear form I and a polynomial 
f[ of degree di — 1 then we conclude that x is irreducible. 

To prove that x is indeed irreducible when di = ■ ■ ■ = dn-i = 1, we also proceed 
similarly to the case where 2 7^ 0. Using (3.4.1) that holds in the generic case other 
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the integers, we deduce that there exists e <E k such that = 1 and 
X{h,---,fn-i,gi,---,9n) = eA(/i og,...,fn-i og) 

in k under the assumption d\ = ■ ■ ■ = dn-i = 1. Prom here, we conclude that x is 

irreducible by exploiting, as in the case 2 7^ 0, the three specializations h- > Xi for 
alH = 1, . . . , n — 1, then 3„ and finally gi 1— >■ 0, the argumentation being the 
same. □ 

4. The discriminant of a hypersurface 

In this section we study the discriminant of a single homogeneous polynomial in 
several variables. 

Let fc be a commutative ring and / be a homogeneous polynomial of degree d > 2 
in the polynomial ring k[Xi, . . . , X„] (n > 1). We will denote by dif the partial 
derivative of / with respect to the variable Xi. Recall the classical Euler identity 

n 

df = Y,Xidif- 

i=l 

We will also often denote by /, respectively /, the polynomial f{X\, 0), 
respectively f{Xi, Xn-i, 1), in k[Xi, . . . ,X„_i]. 
We aim to study the quotient ring 

and its associated inertia forms of degree with respect to m := (Xi, . . . , X„). 
The geometric interpretation of the generic case over the commutative ring k is the 
following. Let d be an integer greater or equal to 2. We suppose that 

/(Xi,...,X„)= UaX" 

\a\=d 

and denote ■= k[Ua \ \ce\ = d], kC := . . . , X„] and 

The closed image of the canonical projection n of Proj(feB) to Spec(feA) is defined 
by the ideal H^{kB)o; roughly speaking, it parameterizes all the homogeneous 
forms of degree d with coefficients in k whose zero locus has a singular point. 

4.1. Regularity of certain sequences. We suppose that we arc in the generic 
case over the commutative ring k. We begin with two technical results. Given a 
sequence of elements ri, . . . , in a ring i?, we will denote by Hi{ri, . . . ,rs; R) the 
i*^ homology group of the Koszul complex associated to this sequence. 

Lemma 4.1. For all i>2 we have Hi{f, dif, . . . , dnf;k C) = 0. 

Proof. Let us emphasize some coefficients of / by rewriting it as 

n 

f{Xl, . . . , Xn) — g{Xi, . . . , Xn) + £iXiX^ ^ 

i=l 

where g G kC Then, it appears that the sequence {dif, . . . , dn-if, f) is, in this 
order, regular in the ring kCx„- Indeed, the quotient by dif amounts to express 
£1 in k[Ua \ Ua £1, . ■ . ,£n] [Xi , Xn]xn ) then the quotient by 82 f amounts to 
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express £2 and so on, to end with the quotient by / that amounts to express £„. 
From this property and the well known properties of the Koszul complex, it follows 
that 

H,{f, dif, . . . , a„/; kC)x„ = for all i > 2. 

But we can argue similarly by choosing another variable Xj instead of X„ and 
therefore we actually deduce that 

H,{f, dif, . . . , a„/; kC)x, = for alU>2 and j = 1, . . . , n. (4.1.1) 

Now, the consideration of the two spectral sequences 

'Ef'" - HliK'if, dif, dnf; kC)) =^E- = Hl{K'{i\ Oif, a„/; ,0)) 
"El''i = Hl{m{f, . . . , 9„/; kC)) =^ E" - Hl{K'{f, . . . , 9„/; uC)) 

shows that for alH > 2 we have dif,..., 9„/; kC) = 0, as claimed. □ 

Proposition 4.2. The two following statements hold: 

(i) For all i £ {1, . . . , n} the sequence (/, dif, ... , dif, . . . , 9„/) is regular in 
the ring kC . 

(ii) If d is a nonzero divisor in k then the sequence {dif, . . . ,9„/) is regular in 
the ring . 

Proof. We prove (i) in the case i = n to not overload the notation; the other cases 
can be treated similarly. For simplicity, we set 

K, ■.= K,{f,dif,...,dnf;kC), L, ■.= K{f,dif,...,dn-if;kC). 

Since K, — L, K»{dnf; kC), we deduce, using the two spectral sequences 
associated to the two filtrations of a double complex having only two rows, that we 
have an exact sequence 

^ Ho{drJ;H2iL,)) ^ H2{K,) ^ Hi{d,J;Hi{L,)) ^ 0. 

But by Lemma 4.1, we know that H2{K,) — 0; it follows that 9„/ is a nonzero 
divisor in Hi{L). The homology of L, is annihilated by the ideal generated by 
{f,dif, . . . ,dn-if). So, by the Euler identity we deduce that X„9„/ annihilates 
Hi{L). But since we have just proved that dnf is a nonzero divisor in Hi{L) we 
obtain = 0. 

Denoting /(Xi, . . . , X„_i) /(Xi, . . . , X„_i, 0) £ kA[Xi, . . . ,Xn~i], we have 
the exact sequence of complexes 

^ L. L. ^ L,/XnL, 

where the complex L,/ XnL, is nothing but the Koszul complex 

L,/X^L, = K,{f, dif, 5„_i/; kA[Xi,. . . , X„_i]). 
It follows that H2{L,/XnL,) = and hence the long exact sequence of homology 

> H2{L,/Xr,L,) ^ Hi{L,) Hi{L,) ^ Hi{L,/X,,L,) ^ • • • 

shows that X„ is a nonzero divisor in Hi(L). This, with the equality = 

obtained above, implies that Hi{L,) — which means that (/, dif, ... , dn-if) is a 
regular sequence in ^C. 
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Setting M, :— if, (9i /,..., 9„/; ^C), we will prove the point (ii) by showing that 
Hi{M,) = 0. Since K, = M, K,{f; kC) we have the two exact sequences 

0^Hoif;H2{M,))^H2iK,)^Hi{f;HiiM,))^0 (4.1.2) 

^ Hoif; Hi{M,)) ^ H^{K,) ^ i/i(M.)) ^ 0. (4.1.3) 

First, by (4.1.1) we know that H2{K,) = and hence the exact sequence (4.1.2) 
shows that Hi{f, Hi{M)) = 0, that is to say that / is a nonzero divisor in Hi{M). 
But the Eulcr identity implies that df annihilates Hi{M,), so dHi{M) — 0. Second, 
from the exact sequence of complexes 

{) ^ K, ^ K, ^ K,/dK, 

we get the long exact sequence 

> H2{K,/dK,) ^ Hi{K,) ^ Hi{K,) ^ • • • 

which shows, since H2{Kt/dK,) — 0, that d is a nonzero divisor in Hi{K,). 

Finally, the exact sequence (4.1.3) combined with the two facts dHi{M) ~ and 
d is a nonzero divisor in Hi{K,), implies that iJo(/; i?i(M,)) — 0, that is to say 
that the multiplication map x/ : Hi{M,) — J> Hi{M,) is surjective. It follows that, 
by composition, for any integer m > 1 the multiplication map x/™ : Hi{M,) 
Hi{M,) is also surjective. But Hi{M) is a Z-graded module and / has degree d 
for this graduation, so we have, for any G Z and to G N*, a surjective map 

i?i(M.) 

u—drn 

As iJi(A/)p = for /X < we finally get, by choosing to > 0, that Hi{M)i, = 
for all v eZ. □ 

Corollary 4.3. For all i G {1, . . . , n}, the resultant 

Res(5i/,...,aj,...,9„_i/,/) GfcA 

is a primitive polynomial, hence nonzero divisor, in ^A. 

Proof. This result is a consequence of Proposition 4.2 and [Jou92, Proposition 
3.12.4.2]. The last claim is obtained by observing that this resultant is a nonzero 
divisor in z/pZ^ for all integer p, which implies that it is a primitive polynomial in 
lA, hence in kA. □ 

4.2. Definition of the discriminant. 

Lemma 4.4. Let k he a commutative ring and f e k[Xi, . . . , X„\ be a homogeneous 
polynomial of degree d > 2. Then, we have the following equality in k: 

d('^-i)""Res(9i/, . . . , a„_i/, /) = Rcs(ai/, . . . , <9„/)Res(ai7, . . . , On-J). 

Proof. On the one hand we have, using the homogeneity of the resultant, 

Res(9i/, . . . , dn^if, df ) = d('^-i)""'Res(9i/, . . . , dn-if, /), 

and on the other hand we have, using successively [Jou91, §5.9], [Jou91, §5.7] and 
[Jou91, Lemma 4.8.9], 

Res(9i/, . . . , dn-if, df) = Res(5i/, . . . , dn~if, ^„9„/) 

= Res(9i/, . . . , 9„/)Res(9i/, . . . , dn~if, Xn) 

= R.es(9i/, . . . , 9„/)Res(9i7, . . . , dn-ij). 
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Comparing these two computations we deduce the claimed equahty. □ 

Proposition 4.5. Let f{Xi, . . . , Xn) = X]|Q|=d UaX" be the generic homogeneous 
polynomial of degree d > 2 over the integers. Then the resultant Res(i9i/, . . . , dnf) 
is divisible by in the ring where 

ain,d) := (l^il:^^ e Z. 

Proof. By CoroUary 4.3, we know that Res((9i/, . . . , dn^if, /) is a primitive poly- 
nomial in zA. Denoting by c{n, d) the content of Res(9i/, . . . , dnf) for all n, d > 2, 
Lemma 4.4 implies that 

c{n, d)c{n - 1, d) = d'-'^^^'^"'' for all n > 3 and d > 2 

and also that c{2,d) — d'^^^ = d"'^''') for all d > 2 (just remark that we have 
Res{dUX^~^) = dU). Therefore, we can proceed by induction on n to prove the 
claimed result: assume that c(n — l^d) — d°-(^~^^d.}^ which is true for 7i — 3, then 

since it is immediate to check that a{n — 1, d) + a(n, d) = [d— 1)"^^. □ 

We are now ready to define the discriminant of a homogeneous polynomial of 
degree d> 2. 

Definition 4.6. Let f{Xi,...,Xn) = J2\a\=d^a:X°' G zA be the generic homo- 
geneous polynomial of degree d > 2. The discriminant of f , that will be denoted 
Disc(/), is the unique element in %A such that 

d"("^'')Disc(/) = Res(ai/, . . . , dnf ). (4.2.1) 

Let R be a commutative ring and g = '^\a\=d^aX'^ be a homogeneous poly- 
nomial of degree d > 2 in R[Xi, . . . , Xn\. Then we define the discriminant of 
g as Disc((7) :— A(Disc(/)) where A is the canonical (specialization) morphism 
X : zA R -.Ua ^ Ua. 

4.3. Formal properties. Up to a nonzero integer constant factor, the discriminant 
of a homogeneous polynomial corresponds to a resultant. Consequently, most of its 
properties follow from the properties of the resultant. 

Proposition 4.7. Let k be a commutative ring and f be a homogeneous polynomial 
in k[Xi , . . . , Xn] of degree d > 2. 

(i) For all tek, we have Disc(i/) = t"(''-i)""'Disc(/). 

(ii) For all n > 2, we have the equality in k 

Disc(/)Disc(7) = Res(ai/, . . . , a„_i/, /). 
Proof. To prove (i), we use the homogeneity of the resultant: one obtains 
Resitdif, . . .,tdnf) = i^"=i('^-i)""Res(5i/, . . . ,9„/). 

To prove (ii), we first assume that we are in the generic case, that is to say that 
/ — X]|q|=(; UaX°' and k = zA := Z[[/q, | |a| = d]. Using the notation of Proposition 

4.5, we have a(n,d) + a{n — l,d) — d'-'^^^''" ^ for all n > 3 and d > 2. Moreover, 
from Definition 4.6, we deduce that 

Res(ai/, . . . , a„/)Res(ai7, . . . , dn-J) = S^-^^"" Disci f)Bisc(f). 
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Now, comparing with Lemma 4.4, we get the claimed formula in i^A and then over 
any commutative ring k by specialization. □ 

Remark 4.8. In the case where n — 2 and d is a nonzero divisor of k (equivalently 
char(fc) does not divide d), the point (ii) recovers a well known formula: set f := 
UoXf + UiX^~'^X2 H + UdX^ for simplicity, then 

C/oDisc(/) = Res{dif, /) - Res(/,5i/). 

This follows from Definition 4-6 since we have 

d''(^'d)Bisc(f) = dBisc{UoX'^) = Res{dUoX^-^) = dUo 

in kA. 

Corollary 4.9. Let f{Xi, . . . ,Xn) — J2\a\=d^aX" G kA be the generic homoge- 
neous polynomial of degree d > 2 over the commutative ring k. Then Disc(/) is a 
primitive polynomial, hence nonzero divisor, in kA. 

Proof. The first claim is a combination of both Corollary 4.3 and Proposition 4.7, 
(ii). To prove the second claim we can argue as in the proof of Corollary 4.3. □ 

We continue with some particular examples. 

Example 4.10. Let h{Xi, . . . , Xn-i) — X]|q| ^a^" the generic homogeneous 
polynomial of degree d >2 in the variables Xi, . . . , Xn-i over the commutative ring 
k and consider the homogeneous polynomial 

giX,, . . . ,X„) = [/X^ + h{X,, . . . ,X„_i) e k[U, I \a\ = d][X,, . . . ,X„]. 

Then, we have 

Disc(5) = d('^-i)""'+(-i)"[/(''"i)""'Disc(/i)'^-i. 

Proof. Notice that without loss of generality, it is enough to prove this formula in 
the case fc = Z. Now, since dng — dUXf~^ and dig = dih ioi i — 1, . . . ,n — 1, we 
deduce that 

Res(9i5, ■ • ■,dng) = {dU)^''~^'>"''Res{dih, dn^ihf'^. 

Therefore, from the definition of the discriminant we get 

d'^MBiscig) = (dC/)('^-i)""'d(''-i)"("-i''*)Disc(/i)'*^i 

and the claimed formula follows from a straightforward computation. □ 

Example 4.11 ([Dcm69]). Consider the homogeneous polynomial of degree d > 2 

g{Xi, . . . ,X„) = A^Xf + ■■■ + A,,Xi e Z[Ai, . . . , A„][Xi, . . . ,X„]. 

Then, its discriminant consists of only one monomial; more precisely, 

Disc(5) = d"('^-i)""-"("^'')(Aiv42 . . . A„)('^-i)"" e Z[Ai, . . . , A„]. 

Proof. Indeed, since dig — dAiXf^^ for all « = 1, . . . , n, from the classical proper- 
ties of the resultant we get 

Res(9i5, . . . ,5„5) = d<^-'-'^^~"Res{A^Xi~\ ■ ■ ■ , A.^^') 
The claimed result follows by comparing this equality with (4.2.1). □ 
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Example 4.12 ([Dcm69]). Consider the homogeneous polynomial of degree d > 2 

giXi,...,Xn) = Xf + UXiXt^ + X2Xt' + --- + Xn-iXt^ eZ[U][Xi,...,Xn]. 
Then, its discriminant contains only one monomial modulo d. More precisely, 

Disc(5) = uid-ir-'+i-ir mod (d) E z[u]. 

Proof. To prove this formula, we proceed by induction on the number n of variables. 
So, assume first that n = 2. We have g = Xi + UXiX2~^ and we easily compute 
in the ring Z[/7] 

Residig,d2g) = ResidX"^-^ + UX^-\ [d - IpXiX^'^) 

^ id-lf-^U'^-^Res{UXt\Xi)ResidX'^-\xt^) 
= {-lf-\d-lf-^d'^-^U'^. (4.3.1) 
From (4.2.1) and since a(2, d) = d — 2, we deduce that 

Disc(g) = {-lf-\d - 1)"^-^^^ ^ U'^ mod [d). 

Now, fix the integer n > 2 and suppose that the claimed formula is proved at 
the step n — 1. Again, an easy computation of resultants in Z[[/] yields 

Res{dig,...,d„-ig,g) (4.3.2) 
= Res{UXt^, -UXiXt^ + X^-\ . . . , -X„_2^,tl? + K~\9) mod {d) 
= U'^<-'^-^'^"''Rcs{Xt\X^-\ . . .,Xt\xf) mod (d) 

= w^id-^r-' n,od (d). 

By Proposition 4.7, (ii), it follows that, in Z[C/], 

jjdid-ir-'' = Disc(g)Disc(5) mod (d) 

= f/(''-i)""'+(^i)""'Disc((?) mod (d). 

We deduce that 

Disc(g) = [/rf(<i-i)"-^-(d-i)"-^-(-i)'-^ ^ ^ 

□ 

Next, we provide two formulas that encapsulate the behavior of the discriminant 
under a linear change of coordinates and under a general base change formula. 

Proposition 4.13. Let k be a commutative ring and f be a homogeneous polyno- 
mial of degree d > 2 in k[Xi, . . . Being given a matrix ip — [ci,j]i<i,j<n with 
entries in k and denoting 

(n n \ 

Cl,lXi H h Ci_„X„, . ■ . , ^ CijXj, . ■ . , ^ CnjXn , 

we have 

Disc(/ oip)^ det{(pf('^~^'>^~'Disc{f). 
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Proof. By specialization, it is sufficient to prove this formula in the generic setting, 
that is to say with / = J2\a\=d UaX'^ e j,A. Since f oip and / have the same degree 
d as polynomials in the X,;'s, it is equivalent to prove that 

Res(9i(/ o . . . , dn{f o ^)) = det(^)''(''-i)""Res(ai/, . . . , 5„/). 

To do this, we remark, by basic differential calculus, that 

[di{f o v?), . . . , dn{f o Lp)] = [di{f) o 93, . . . , dnif) o If] . det((/3), 

as matrices. Therefore, the covariance formula of the resultant [Jou91, §5.11.2] 
shows that 

Res(ai(/ o . . . , dnif o ^)) = det(^)('*-i)""Res(ai(/) o ^, . . . ,a„(/) o 

Moreover, the formula for linear change of coordinates for the resultant [Jou91, 
§5.13.1] gives 

Res(ai(/) o V?, . . . ,a„(/) o ^) = det(^)('*-i)"Res(9i/, . . .,d„f), 
and we conclude the proof by observing that (d— l)" + ((i— 1)"^^ = d{d—l)"^^ . □ 

One consequence of this invariance property is the following generalization of the 
formula defining the discriminant given in Proposition 4.7, (ii). 

Proposition 4.14. Let k be a commutative ring, let f be a homogeneous polynomial 
in k[Xi, . . . ,Xn] of degree d >2 and let ip — [cij]i<i<n.i<j<n-i be a n x [n — 1)- 
matrix with coefficients in k. Then, we have 

Disc(/)Disc (/([Xi, . . .,Xn-i] o V)) = Res(/, [dif, . . . , 5„/] o (p) . 

Proof. By specialization, it is sufficient to prove this equality for / the generic homo- 
geneous polynomial of degree d over the integers and for Lp :— [Vij]i<i<n,i<j<n-i 
a matrix of indeterminates. Adding another column of indeterminates to tp, we 
introduce the matrix tp :— [Vij]i<ij<n- 
Now, consider the following resultant 

n :=Res(/([Xi,...,X„]o V), 

[dif{[x,, . . . , x„] o '^), . . . , a„/([Xi, . . . , x„] o *^)] o ip) . 

On the one hand, by the invariance property of the resultant [Jou91, §5.13] we have 
n = det(V)''(''-^^""Res (/, [dif, . . . , 5„/] o ^) . (4.3.3) 
On the other hand, since 

[dif{[x,, . . . , x„] o . . . , a„/([Xi, . . . , x„] o V)] o V? = 

^(/([Xi,...,x„]oV)),...,^(/([^i,...,x„]o*^)) 

by the composition rule of the derivatives, we get from Proposition 4.7, (ii) that 

n - Disc(/([Xi, ...,Xn]o V))Disc(/([Xi, . . . , Xn-1,0] O V)) 

= Disc(/([Xi, . . . , X„] o V))Disc(/([Xi, . . . , X„_i] o V)) 

= det(^)'^(''-i)""Disc(/)Disc(/([Xi, . . . , X„_i] o V)) (4.3.4) 

where the last equality holds by invariance of the discriminant; see Proposition 
4.13. Finally, the claimed formula follows by comparing (4.3.3) and (4.3.4), taking 
into account the fact that det (■(/') is a nonzero divisor in our generic setting. □ 
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Now, we turn to the more general problem of the behavior of the discriminant 
under a general change of basis. 

Proposition 4.15. Let k be a commutative ring, f be a homogeneous polynomial of 
degree m > 2 and gi, . . . , gn be homogeneous polynomials of degree d > 1. There ex- 
ists a polynomial K that depends on the coefficients of the polynomials f,gi,...,gn 
such that 

Disc(/(5i, . . . , gn)) = Disc(/)'^""'Res(5i, . . . , g™)'"^™-^)""/^ (/, gi, . • . , 5n). 

Proof. We prove the existence of K in the universal setting over the integers so 
that the claimed result follows by specialization. From the equality of matrices 

[ dxAfigJ) •■• dxSfig)) ] = 

[ dxJig) ■•• dxJig) ] 

we deduce that for all i = 1 , . . . , n 

dxAfig)) e idxj{9),.-.,dxj{g)). (4.3.5) 

Therefore, applying the divisibility property of the resultant [Jou91, §5.6], we obtain 
that 

Res (dxJig), ■ . . ,5x„/(5)) divides Res (dxAfig)), ■ • ■,dxAfig))) ■ 

On the one hand, using the base change formula of the resultant [Jou91, §5.12], we 
have 

Res (dxJig), ■ . .^dxJig)) = Res(5i, . . . , g„)("-i)"Res(ax J, • ■ • 

= m'^(™^'^)'*""Disc(/)'^""Res(<7i, . . . ,5„)^'"~'^" 

and on the other hand 

Res {dxAfig)),---,dxMig))) = (md)''("^™'')Disc(/(<?i,...,5„))- 

Therefore, since Disc(/) is a primitive polynomial, we deduce that Disc(/)'' 
divides Disc{f{g)). 

Now, notice that we have f{gi,...,gn) € (gi, . . . , (7„)™ and that for all i = 
l,...,n we have dxi{f{g)) G (gi, . . . , gn)™"^ by using from (4.3.5). Using the 
generalized divisibility property of the resultant [Jou91, §6.2], it follows that 

Res(gi, . . . ,5„)'"(™-'^"" divides Res(5x, (/(g)), . . ■ ,^x„^Af{g))Ji9))■ 
But 

Res{dxAf{g)), ■ • ■,dx„^Af{g))Ji9)) = Disc(/(g))Disc(7(^) 
and Res(gi, . . . , g„) is an irreducible polynomial that depends on all the coefficients 
of all the polynomials gi, . . . , (7„. We deduce that 

Res(gi, . . . ,g„)™("-i'"" divides Disc(/(gi, . . . ,g„)). 

Finally, since Res(gi, . . . ,g„) and Disc(/) are obviously coprime, the existence of 
the polynomial K is proved. □ 



dxiQi ■■■ dx„gi 
dxiQn ■■■ dx„9n 



THE DISCRIMINANT OF HOMOGENEOUS POLYNOMIALS 



45 



4.4. Inertia forms and the discriminant. From its definition, it is clear that 
the discriminant of a homogeneous polynomial / G R[Xi, . . . where i? is a 

field, of degree d > 2 vanishes if and only if dif, . . . ,5„/ (and hence / if char(fc) 
does not divide d) have a non trivial common root in an algebraic extension of R. 
The purpose of this section is to study the behavior of the discriminant when _R, 
the coefficient ring of the homogeneous polynomial /, is not assumed to be a field. 

Let d > 2 be a fixed integer and consider the polynomial 
/(Xi,...,X„) := 

\a\=d 

Let fc be a commutative ring and denote hy kA :— k[Ua \\a\ — d] the coefficient ring 
of / over k. Then / G . . . it is the generic homogeneous polynomial 

of degree d over fc. Defining the ideals of kC := . . . , Xn] 

V:= (/,9i/,...,5„/), m:= (Xi,...,X„), 

we recall that «p := TFm(2?)o = H^{kB)o where kB is the quotient ring kC/V. This 
latter ideal is nothing but the defining ideal of the closed subscheme of Spec(fcA) 
obtained as the image of the canonical projective morphism 

Proj(fcB) ^ Spec(fcA). 

In the sequel, our aim is to relate the discriminant of / as defined in Definition 4.6 
with this ideal of inertia forms *p C kA. 

Proposition 4.16. For j £ {1, . . . , n} we have an isomorphism of k[Xi, . . . , Xn]- 
algehras 

kBx, ^fc[t/„||a| =d,a, <d-l][Xi,...,X„][X-i]. (4.4.1) 
In particular, for all j G {1, . . . , n} the ring kBxj is a domain if k is a domain. 

Proof. Let i be a fixed integer in {1, ... , n}. The Euler equality df — J2^=i ^j^jf 
shows that, after localization by the variable Xj, we have 

vx, - (ai/, . . . , . . . , a„/, /) c kCx, . 

In order to emphasize some particular coefficients of the polynomial /, let us rewrite 
it as 

n 

/(Xi,...,X„) ^o.x'^- 

i=l \a\=d,aj<d-l 

Then, denoting by Q{Xi , . . . , Xn) the second term of the right side of this equality, 
for all integer i G {1, . . . , n} such that i ^ j we have 

a,/(Xi, . . . ,X„) = £,Xf-^ + d.QiXi, . . . ,X„). 

It follows that the following k[Xi, . . . , X„]-algebras morphism 

fc[C/„||a| =d,aj <d-l][Xi,...,X„][X-i] 

-X-^'+'d.Q 

n 

-X-''Q+ Y Xai%Q ^ -Xr<i{{l - d)Q + X.djQ) 

has kernel 'Dxj and therefore induces an isomorphism of k[Xi, . . . , X„]-algebras 
feBx, ^k[Ua,\\a\=d,a, <d-l][Xi,...,Xn][Xr^]. 



kCxj > 

Si (i ^ j) ^ 
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□ 

Corollary 4.17. For all i = I, . . . ,n we have 

TF„(P) =ker(fcC->feBxJ 
where kBx^ is the canonical map, so that 

In particular, if k is a domain then TF,t,(2?) and *P are prime ideals. 
Proof. Observe first that by definition we have 

n 

TF„(I?) =kcr(feC^[]fcBx.). 

i=l 

The isomorphisms (4.4.1) show that for any couple of integers (i, j) G {1, ■ . ■ ,n}^ 
the variable Xi is a nonzero divisor in kBxj and hence that the canonical map 
kBxi — > kBxiXj is injective. By considering the commutative diagrams, for all 
couple {ij) € {!,..., 

C ^Sx. 



Bx, ^ Bx^x, 

we obtain that TFn^(2?) — ker(fcC — > kBxi) for alH = 1, . . . , n. From here, assum- 
ing that k is domain we deduce easily that TFiji(X') is a prime ideal of fcC and that 
q3 = TFm(X»)o is a prime ideal of kA. □ 

We now turn to the relation between the ideal of inertia forms TF^ {T>) and the 
discriminant of /. 

Theorem 4.18. Let R he a commutative ring and f a homogeneous polynomial in 
R[Xi, . . . ,Xn]d with d>2. Then, we have the following inclusions of ideals in R: 

(Disc(/)) C TFn,((/, dif, dnf)) n i? C V(Disc(/)). 

Proof. We first prove these inclusions in the generic case over the integers, that is 
to say with / = E|a|=d Ua^" and R = = Z[Ua \ \a\ = d]. 
By definition of the discriminant, we have 

d-Mj^isc{f) = Res(ai/, . . . , dnf) in ^A. 

But since Res((9i/, . . . , 9„/) is an inertia form of the ideal . . . , 9„/) with 

respect to m, we deduce that 

d-Mj^isc{f) e TF,n(I?)o 

which is a prime ideal (Z is a domain). Moreover, we claim that d"-'-""'^^ ^ TF,n(2?)o 
because 

TF^(P)onZ= (0). 

Indeed, this equality can be checked using any particular specialization of the co- 
efficients Ua; for instance, if we specialize / to Xf, then V specializes to the ideal 
{Xf, dXf-^) in Z[Xi, . . . , X„] and clearly TY^HXf, dX^-^))o = (0) C Z. Finally 
we deduce that Disc(/) e TFm{V)o. 
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We turn to the proof of the second inclusion, always in the generic case over 
the integers. Suppose given a E H^{zB)o and denote by zB' the quotient ring 
zC/(9i/, . . . , 9„/). By the Euler identity, da £ i?,"(z-B')o- Since both ideals 
H^^{zB')o and (Res(9i /,..., 9„/)) of have the same radical, we deduce that 
there exists an integer N such that Res((9i/, . . . , dnf) divides (c?a)^. Using (3.1.4), 
there exists a' G i,A such that 

d^a^ = d°("''"a'Disc(/) in ^A. 
Taking the contents in the above equality, we deduce that 

= 7V^C',(a)^Disc(/) in 

and this proves that TFm(P)o C y^Disc^/)). 

To conclude the proof, we first remark that the inclusion 

(Disc(/)) C TF„((/, dif, dnf)) n R 

is, by specialization, an immediate consequence of the same inclusion in the generic 
case over the integers. The rest of the proof is a consequence of a base change 
property, exactly as in the proof of Proposition 2.4. □ 

Corollary 4.19. Let k be a domain and f = '^\a\=d^a-^°' generic homo- 

geneous polynomial of degree d > 2 over k. Then, Disc(/) — c.P^ where c is an 
invertible element in k, r is a positive integer and P is a prime polynomial that 
generates the ideal *P C fe^. 

Proof. Let us first assume that fc is a UFD. Theorem 4.18 implies that both ideals 
*P = TFm(^?)o and (Disc(/)) of kA have the same radical and Corollary 4.17 shows 
that *p is a prime ideal. Therefore, we deduce immediately that Disc(/) = c.P'' as 
claimed. 

Now, assume that fc is a domain. Depending on its characteristic, it contains 
either Z or Z/pZ, p a prime integer, that we will denote by F in the sequel. Thus, 
we have an injective map F ^ k which is moreover fiat (for A: is a torsion-free 
F-module). Therefore, the canonical exact sequence (see Corollary 4.17) 

fTY^{V) ^ fC fBx^ 

remains exact after tensorization by k over F. Since fC ®f k = fcC and fBx„ ®f 
k — kBx„, this latter being an immediate consequence of (4.4.1), we deduce that 

feTF„(P) = i.TF„(2?) ®F k. (4.4.2) 

Since F is a UFD, we know that i?Disc(/) — c.P"^ where c is an invertible element 
in i^, r is a positive integer and P is a prime polynomial in fA that generates i?*p. 
Now, considering the canonical specialization p : fA kA, we get 

fcDisc(/) = p(f Disc(/)) = p(c).p(P)^ 

where the first equality follows from the definition of the discriminant. But by 
(4.4.2), p{P) generates and since fe*P is a prime ideal by Corollary 4.17, we 
deduce that p{P) is a prime polynomial in kA. To conclude, observe that p(c) is 
clearly an invertible element in k because F is contained in A:. □ 

Remark 4.20. From the proof of the above corollary we see that the only depen- 
dence ofr on k is the characteristic of k, for F only depends on this characteristic. 
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With this property, we can explore the behavior of the discriminant in some 
particular cases. Here are two such examples. 

Proposition 4.21. The universal discriminant over the integers is a prime poly- 
nomial in zA that generates the ideal ■j^. 

Proof. By Corollary 4.19, there exists an irreducible polynomial P S that gen- 
erates and an integer r > 1 such that zDisc(/) — zLP^. In order to prove that 
r = 1 we will use two specializations. 

First, consider the specialization that sends / to UXfi+f{Xi, . . . , Xn-i,0) where 
U denotes, for simplicity, the coefficient of Xf^ of /. By Example 4.10, we get that 
zDisc(/) specializes to 

d('^~ir-'+i-iru('^-'r-^Dmcif{Xu. . . , x^^.^o))'-' e ^a. 

Since U is an irreducible polynomial in and U does not divide the discriminant 
Disc(/(Xi, . . . , X„_i, 0)) (this latter actually does not depend on U), we deduce 
that r divides (rf- l)"~i. 

Second, consider the specialization that sends / to the polynomial 

geZ/dZ[U][Xi,...,X„] 

given in Example 4.12. We have seen that Disc(/) specializes to L/'-'^^^-'" 
It follows that r divides {d - l)"-i -I- (-1)". 

Finally, we have shown that r divides two consecutive and positive integers, 
namely {d — 1)"~^ and {d — 1)"^^ + (—1)". Therefore, r must be equal to 1. □ 

Proposition 4.22. Let k be a domain and f — '^\a\=2^o'X"' be the generic ho- 
mogeneous polynomial of degree 2 over k. //char(fc) ^ 2 or n is odd, then Disc(/) 
is a prime polynomial in kA that generates *p. Otherwise, i/char(fc) = 2 and n is 
even, then Disc(/) = P^ where P is a prime polynomial that generates *p. 

Proof. As explained in the proof of Corollary 4.19, it is enough to prove this propo- 
sition under the assumption that fc is a UFD. So let us assume hereafter that this 
is the case. 

By Corollary 4.19, there exists an irreducible polynomial P G kA that generates 
fe^, an integer r > 1 and c an invertible element in k such that fcDisc(/) = c.P^ . 
Depending on the characteristic of k and the parity of n we will prove that r is 
equal to 1 or 2. 

Rewriting /(Xi,...,X„) as / = J2o<i<j<n "^^-J^^^j (^^ ^^^^ kA is now the 
polynomial ring k[Ai j, < i < j < n\), for all i G {1, . . . , n} we have 

dif — Ai^iXi + • • ■ + Ai^i^iXi^i -\- 2Ai^iXi + Ai^i^iXi-f^i + • • • + Ai^nXn 

in . . . , Xn\. Then, Definition 4.6 implies that 

2^1,1 Ai,2 ■ ■ ■ Ai^n-l Ai^n 

Axa 2A2a ^2,n 



Al^n-1 2A„_i^„_i 
Al,n ^2,n ' ' ■ An — l^n 2A,i^„ 

in the polynomial ring kA. 



2Disc(/) = 2C.P'' if n is odd 
Disc(/) = cP*" if n is even 

(4.4.3) 
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Let US first assume that char(fc) ^ 2. Denote by p the speciahzation that leaves 
invariant Ai^i for all i and sends Aij to for all i ^ j. The specialization of (4.4.3) 



by p yields 



2"^iaA2,2...A„,„ 



2c.p{PY if n is odd 
c.p{PY if n is even 



and from here we deduce that r must be equal to 1. 

Now, assume that char(A;) = 2 and that n is even. Since char(fc) = 2, the 
determinant in (4.4.3) can be seen as the determinant of a skew-symmetric matrix, 
and since n is even it is known that it is equal to the square of its pfafhan. Therefore, 
(4.4.3) implies that r > 2. 

Consider the specialization that leaves invariant Ai^2k,2+2k for all integer 
A: = 0, 1, . . . , (n — 2)/2 and that sends all the other variables Ai,j to 0. The matrix 
in (4.4.3) then specializes by (p to the block diagonal matrix 



diag 





Al.2 



Al,2 







Asa 



Asa 






-^n — l.n 



-^n— l,n 





and therefore (4.4.3) yields 



(n-2)/2 



n 



-2fc,2+2fc 



cMpy 



k=0 



This implies that r < 2 and hence we conclude that r = 2 if char(fc) = 2 and n 
is even. Then, to conclude observe that z/2zDisc(/) is a square (necessarily c — 1 
in this case), so that we deduce that c is actually a square in k via the canonical 
specialization from Z/2Z to k. It follows that fcDisc(/) = {uPY where v?' ~ c and 
u is an invertible element in k, and the claimed result follows as uP is an irreducible 
element that generates *p. 

Let us turn to the last case: char(fc) = 2 and n is odd. Consider the specialization 
(f> that leaves invariant An-2,n, An-i.n and Ai+2fc,2+2fe for all /c = 0, 1, . . . , (n — 3)/2, 
and that sends all the other variables Aij to 0. In order to determine the image of 
feDisc(/) by this specialization, we remark that we have the following commutative 
diagram of specializations 



'A- 



■ 'Z[An-2,n,An-l,n, ^l+2fc,2+2fc | fc = 0, 1 , . . . , (n - 3)/2] 



■ k[An^2.n, ^l+2fc,2+2fc | fc = 0, 1 , . . . , (n - 3)/2] 



where the vertical arrows are induced by the ring morphism Z — > fc. So, we can 
first perform the specialization over the integers and then specialize to k. 
The matrix in (4.4.3) specializes by p to the block diagonal matrix 



diag 



Ai,2 
Ai,2 



An- 





4,n-3 



An— 4.71 — 3 




An-2,n-l 
An—2.n 



An-2,n-l 


An-l,n 



An—2,n 
An—l,n 
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Therefore, the speciahzation of (4.4.3) by 4> over the integers yields the equahty 

(n-5)/2 

2A„_2,«-l^n-2,n^n-l,n H ~ (-4l+2fc,2+2fc )^ = 2(?!)(zDisc(/) ) 

fe=0 

SO that, 

(n-5)/2 

An-2,n-lAn-2,nAn-l^n W - (^l+2fc,2+2fc )^ = 0(zDisc(/)). 

fe=0 

Now, we speciahze this equahty to k and we obtain 

(n-5)/2 

An-2,n-lAn-2,nAn-l,n W ^l+2/c,2+2fc^ = (/)(fcDisc(/)) = C.<f>{PY . 

From here, we deduce that r must be equal to 1. □ 

Our next step is to prove that the conclusion of this proposition holds without 
restriction on the degree d. This is Theorem 4.26. Notice that in the case n — 2 we 
already know that such a result is valid by Theorem 3.23 and Theorem 3.24 (see 
also [AJ06, §8.5]). 

4.5. Zariski weight of the discriminant. Let fc be a commutative ring and 
consider the generic homogeneous polynomial in the variables Xi , . . . , X„ of degree 
d>2 

/:= ^ U^X" eC ■.= A[Xi,...,Xn] 

\a\=d 

where A := k[Ua \ \a\ — d\. Define also the ideals m := {Xi, . . . ,X„) and n := 
{Xi, . . . ,Xn-i) of C and rewrite the polynomial f as f — J2t=o fd-tX^ where 
// is the generic homogeneous polynomial of degree I in A[Xi, . . . , Xn-i] for all 
l = 0,...,d. 

Now, fix an integer /i such that < /i < d and define the polynomials 

fj. d 

h := J2 fd-tXl e Crf and g := ^ e Q-^. 

t=0 t=M 

Proposition 4.23. For all integer < /i < rf the sequence h,dih, . . . ,dn-2h is 
C-regular. Moreover, for all integer 1 < ^J, < d, the sequence h,dih, . . . ,dn-ih is 
C -regular outside V(n). 

Proof. By Proposition 4.2, the sequence fd, difd, ■ ■ ■ , dn-2fd is C-regular. It follows 
that the sequence Xn, h, dih, . . . , dn-2h is also C-regular. Since all the elements 
of this sequence are homogeneous of positive degree, this sequence remains C- 
regular under any permutation of its elements. Therefore, h, dih, . . . , dn-2h, Xn is 
C-regular, in particular /i, dih, . . . , dn-2h is C-regular. 

To prove the second assertion, we have to prove that the sequence h, dih, . . 
dn-ih is Cxj -regular for all 1 < j < n — 1. Up to a permutation of the variables 
Xi, . . . , Xn-i, one can assume that j = n — 1. 

For the sake of simplicity in the notation, we rename by Vi the coefficient of the 
monomial X^X^zJ in for alH = 1, . . . , n — 1 so that 

fd — ViXiX^_l + V2X2X^_l + ■ • ■ + Vn-2X„-2X';^_l + Vn-lX!jl_i + • ■ • . 
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We also define the polynomial v by the equality 

h = V + ViX^XtX + V2X2XtX + ■■■+ V,,^2Xn-2XtX + Vn^lX^.i- 

Now, perform the following successive specializations: 

l^„-l ^ —^{v + ViX^X^-J,+V2X2Xf-J, + --- + Vn-2Xn-2XtXU-^-l) 
Xn-1 

Vi — -^diV, 1 < i < n - 2. 

Xn-l 

They successively annihilate h,dih, . . . ^dn-ih and we recover that h,dih, . . . ^dn-2h 
is a regular sequence (outside V{n)). In addition, (4.5.1) yields an isomorphism 

^''-'/{h,d,h, . . .,d,.^2h) ^'[^1' • ■ -^^nU-l,] 

where A' := k[Ua \ \a\ = d,Ua ^Vi'ii G {1, . . . ,ri — 1}]. Therefore, it remains to 
prove that the image of dn-ih by the specializations (4.5.1) is a nonzero divisor in 
. . . ,X„][X~ij^]. For that purpose, we observe that the Euler identity implies 

that 

X.dih +■■■ + Xn-idn-ih = Y,id - t)fd-tXl = dh-J2 tfd-tXl 

t=o t=i 

But the polynomials fd-t for 1 < i < /i do not depend on the variables Vi, V2, . . ., 
Vn~i, SO we deduce that Xn-idn-ih is specialized to ^J2t=i^f'i-tX^ by (4.5.1). 
Assuming ^ > 1, the fc-content of this polynomial contains the fc-content of fd-i 
which is a primitive polynomial over fc, and we conclude the proof by the Dedekind- 
Mertens Lemma. □ 

By definition, the polynomial /i G C is homogeneous of degree d with respect 
to the variables Xi , . . . , X^ and of valuation d — fj, with respect to the variables 
Xi, . . . , Xn-i- Therefore, for alH = 1, . . . , n— 1, the polynomial dih is of degree d—1 
with respect to the variables Xi, . . . , X„ and of valuation d—l—fi with respect to the 
variables Xi,. . . , Xn-i- We will denote by Red{h, dih, d2h, . . . , dn-ih) the reduced 
resultant of h, dih, d2h, . . . , dn-ih with respect to these degrees and weights. It is 
weU defined for aU ^ such that 1 < fj. < d - 2 ([Zar37, OM88]). 

Proposition 4.24. For all 1 < 1.1 < d — 2 the reduced resultant 

Red{h, dih, d2h, . . . , dn-ih) 

is a primitive polynomial, hence a nonzero divisor, in A. 

Proof. The reduced resultant is a nonzero divisor by Proposition 4.23 and the Pois- 
son formula ([Zar37, Theorem 5.1 and Theorem 5.2], [OM88, Chapter IV]). Then, 
we deduce that it is primitive over the integers, hence over fc, by applying the 
previous property with fc = Z and k Z/pZ for all prime integer p. □ 

Theorem 4.25. Assume that the ring A — k[Ua \ \a\ — d] is graded by the Zariski 
weight, i.e. by setting 'weight{c) :— for ailed k and weight ([/„) := max(a„— /x, 0). 
Then, the discriminant Disc{f) ^ A is of valuation {d — fi){d—l — ^)"~^ . Moreover, 
its isobaric part H of weight {d — ^){d — 1 — /x)"~^ satisfies the equality 

Disc(5)Disc(g)Red(/i, dih, dn-ih) = i7.Disc(/) G A 
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where Disc{g) ~ Disc{fd-p,), Disc(/) = Disc(/d) and Red(/i, dih, . . . , dn~ih) are all 
isobaric polynomials of zero weight. 

Proof. Let /o := J2\a\=d'^o,aX" and fi J2\a\=d-i ^i.aX"' for z = 1, . . . , n - 1 be 
generic homogeneous polynomials of degree d,d— 1, . . . ,d — 1 respectively and let 
ipQ,ipi, . . . , ifn-i be their generic specialization of degree d, d— 1 and of 
valuation d — ^,d — ji — l,...,d — ii — 1 respectively. Notice that we consider here 
the canonical grading of k[Vi_oyh Q^li so that 

fo^Y. ^0^"^"' = E ^0 = E Vo,aX", if, = ^0^"^" 

|Q|=(i |Q|=d-l \a\=d |Q|=d-l 

for alH = 1, . . . , n — 1. Moreover, we also define the polynomials 
90-.= Y Vo.,c.X''/Xi:, g,:= ^ Vo.a^7^/^ e k[V,,^,yi,a][X,, . . . , X„] 

\a\—d \a\—d~l 

for alH 1 , . . . , n — 1 . 

Now, consider the grading of fc[Vi_c( Vi, a] defined in this theorem, namely 

weight(Vi.Q) :— max(Q:„ — /i, 0) for alH = 0, . . . , n — 1. 

Then, by definition of the reduced resultant of i/jq, <^i, ■ • ■ , ^n-i, we have the equal- 
ity 

R.es(/o, • • ■ = Res(5o, ■ • ■ , 9n)Red{(po, . . . ,(^„)+ 

terms of weight > {d - ^){d - 1 - fi)'^^^ (4.5.2) 

Denote by p the specialization from k[Vi^a Vi, a] to A — k[Ua \ \a\ — d] (and also, 
by abusing notation, its canonical extension to polynomial rings) which is such that 
p(/o) — f and p{fi) = dif for alH = 1, . . . , n — 1. It is easy to check that /9(go) — g, 
pifo) — h and that p{gi) — dig, p{^i) — dih for all = 1, . . . , n — 1. Moreover, p 
is isobaric with respect to the Zariski grading of k\Vi^a^i,a\ and A because each 
variable Ua has the same Zariski weight in / and dif, . . . , dn-if ■ Therefore, the 
specialization of (4.5.2) yields the equality 

Res(/, dif, dn-if) = Res{g, dig, . . . , dn-ig)Red{h, dih, . . . , dn-ih) 

+ terms of weight > (d — p){d — 1 — /i)"~^. 

By Proposition 4.7, we deduce that 

Disc(/)Disc(/) = Disc(.g)Disc(5)Red(/i, dih, dn-ih) + 

terms of weight > (d — /i)(d — 1 — /i)"~^. 

But Disc(5)_=^ 0, Disc(.g) ^ and by Proposition 4.24 Red(/i, dih, dn-ih) ^ 0. 
Since Disc(/), Disc(5) and Ked{h, dih, . . . , dn-ih) ^ have null Zariski weight 
and Disc((7) is isobaric of Zariski weight (d — p){d — 1 — p)"'^^ , we deduce that 
Disc(/) G A is of valuation (d — p){d — 1 — /i)"^^ with respect to Zariski weight as 
claimed. 

Pushing further the computations, we see that 

Disc(/) = Disc(/i) divides Red(/i, dih, . . . , dn-ih) 
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and hence we deduce the formula of the theorem. To see this property, notice that 
the reduced resultant is a reduced inertia form, that is to say that there exists an 
integer N such that 

(Xi, . . . , X„_i)^Red(ft, dih, . . . , dn-ih) C{h,dih,..., dn^ih). 

Specializing Xn to 0, we get 

(Xi, . . . , X„_i)^Red(/i, dih, . . . , dn-ih) c {h, dji, dn-ih) c . . . , Xn-i] 

from we deduce the claimed property by Proposition 4.21. □ 

We are now ready to extend Proposition 4.22 to the generic homogeneous poly- 
nomial of arbitrary degree d > 2. 

Theorem 4.26. Let k be a domain and f = X]|a|=(i UaX" be the generic homoge- 
neous polynomial of degree d >2 over k. //char(fc) ^2 or n is odd, then Disc(/) 
is a prime polynomial in that generates Cp. Otherwise, if char (k) = 2 and n is 
even, then Disc(/) = where P is a prime polynomial that generates Vji. 

Proof. By Corollary 4.19, there exists an invertible element c in k, a prime polyno- 
mial P that generates *p and an integer r such that Disc(/) = c.P^ . 

Now, grading A with the Zariski weight, for all integer 1 < /i < d — 2 Theorem 
4.25 shows that 

Disc(/) = Q^(/).Disc(g) + terms of weight > {d - n){d - fi- 1)"-^ 

where Qfj,{f) has weight zero and Disc((7) is isobaric of weight {d — fj,){d ~ fi ~ 1)""^^ . 
Let Ps be the isobaric part of smallest weight s of P. Then, we deduce that for all 
integer 1 < /i < d — 2 

Q4/).Disc(g) = c.{PsY. 

In particular, if /i = d — 2 then g is the generic homogeneous polynomial in 
Xi, . . . , Xn of degree 2. But by Proposition 4.22 we know that Disc(.g) is prime if 
n is odd or 2 7^ in k, and that it is equal to the square of a prime polynomial 
otherwise. We deduce that r = 1 in the first case and that necessarily r < 2 in the 
second case. 

Assume now that 2 = in fc and n is even. We have just seen that r £ {1, 2}. 
We claim that in this case, the canonical projection Proj(i?) Spec(A) is not 
birational onto its image Spec(A/*P). This implies that r cannot be equal to 1, so 
r — 2 and Disc(/) = c.P^. Then, to conclude observe that z/2zDisc(/) is a square 
(necessarily c = 1 in this case), so that we deduce that c is actually a square in k 
via the canonical specialization from Z/2Z to k. It follows that fcDisc(/) = {uPY 
where — c and u is an invertible clement in fc, and the claimed result follows as 
uP is an irreducible element that generates *p. 

To prove that Proj(i?) — !> Spec (A) is not birational, we examine the module of 
relative differentials ^B^x )/A- In the following section, we will prove in Lemma 
4.27 that it is isomorphic to the cokernel of a Hessian matrix. Moreover, under 
the assumptions that 2 = in fc and n is even it turns out that the determinant 
of this Hessian matrix is equal to zero (see the beginning of Section 4.6 below). 
Consequently, the projection Proj(i?) ^> Spec(yl) can not be birational. □ 
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4.6. Inertia forms and the Hessian. Let fc be a commutative ring. Given a 
polynomial / G k[Xi, . . . ,Xn], we will denote by Hess(/), and call it the Hessian 
of /, the determinant of the (symmetric) matrix 



H(/) := 



dXidXi 



l<i.j<7i 

When 2 = in fc, the elements on the diagonal of IHI(/) all vanish and IHI(/) is 
then a skew-symmetric matrix. Consequently, Hess(/) = if ri is odd and Hess(/) 
is the square of a polynomial (its Pfaffian) if n is even. Regarding this behavior, 
the case where / is a generic polynomial of degree 2 is particularly instructive. 

Lemma 4.27. Set A := k[Uij \1 < i < j < n] and let 

/ - E U^,jX^Xj G A[Xi, ...,Xn] 
l<i<j<n 

be the generic homogeneous polynomial of degree 2 over the ring k. If n is even or 
if 2 is a nonzero divisor in k then Hess(/) is a nonzero divisor in A. 

Proof. If n is even, the monomial 2^^! 4 • ■ • t^n-i n appears in Hess(/) with a 
coefficient ±1 (to see it, one can for instance specialize all the other variables to 
zero). We deduce that the fc-content of Hess(/) is equal to k and therefore that 
Hess(/) is a nonzero divisor in A by Dedekind-Mertens Lemma. 

Now, assume that n is odd and that 2 is a nonzero divisor in k. By spe- 
cializing Ui,j to for all 1 < j < n, Hess(/) specializes to 2[/i iHess((7) where 
g — '^2<i<j<n UijXiXj. But since n — 1 is even, Hess(5) is a nonzero divisor in A 
and it follows that Hess(/) is also a nonzero divisor. □ 

Proposition 4.28. Set A := k[Ua \ \ct\ = d] and let 

/:= E U,,X'' eA[Xi,...,X„] 

\a\=d 

be the generic homogeneous polynomial of degree d over the ring k. If n is odd or 
if 2 is a nonzero divisor in k then the determinant 

det f-^I—) (4.6.1) 



dX.dXj 



l<i,j<n-l 



is a nonzero divisor in the quotient ring A[Xi, . . . , Xn] / TF,-n {T>). 

Proof. The case n = 1 being trivially correct, we assume that n > 2. We first prove 
the claimed result under the assumption that fc is a domain. In this case, TF^ (2?) 
is a prime ideal by Corollary 4.17 and hence we have to show that 

det L^"/^ ) i TFm {V) (4.6.2) 



\ J / l<i J<n — 1 

But it is enough to exhibit a particular speciahzation for which this property holds. 
So consider the specialization the sends / to the polynomial 

E U,,jX,Xj \xt^^ k[U,^, 1 1 < * < j < n - 1] [Xi , . . . , X„] . 

l<i<j<n-l / 
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Denoting g := Y.i<i<j<n-i UijXiXj, we have 

^ J / l<z,j<n— 1 

Therefore, speciahzing further the variable X„ to 1, we sec that to prove (4.6.2) it 
is sufficient to prove that 

Hess(5) ^ (g, dig, 5„_i.g, {d - 2)g) 

= {g,dig,...,dn~ig) C fc[C/ij \ l < i,j < n - l][Xi, . . . , X^-i]- 

But this holds because the ideal {g, dig, . . . , dn-ig) is nonzero and is contained in 
the ideal {Xi, . . . ,X„_i), whereas Hess(g) belongs to k[Ui,j \ l < i,j < n — 1] and 
is nonzero by Lemma 4.27. 

We now turn to the proof in the case k is an arbitrary commutative ring. Let 
D stands for the determinant (4.6.1). We begin with the case where n is odd. By 
(4.4.1), iBx„ is a free abelian group. Moreover, from what we have just proved 
under the assumption that fc is a domain, we deduce that the multiplication by D 
in 7,Bx„ and z/pzBx,^, P a prime integer, are all injective maps. Denoting by zQ 
the quotient abelian group of the multiplication by D in zBx„ , that is to say we 
have he exact sequence of abelian groups 

zBx„ zBx„ -^zQ ^0, 

we deduce that zQ is torsion free (for Tor^(Z/pZ, zQ) = for all prime integer p) 
and hence is flat. By a classical property of flatness we obtain that Toy^{zQ, fc) = 
and therefore that the multiplication by D in kBx„ is an injective map, i.e. D is a 
nonzero divisor in kBx„- Finally, since 

TF^(P) = kcvikC ^ kBx„ ) (4.6.3) 

by Corollary 4.17, it follows that Z) is a nonzero divisor in kC / TFm(X'). 

We can proceed similarly to prove the claimed result in the case where n is even. 
The multiplication by D in zBx„ and z/pzBx„, P a prime but odd integer, are all 
injective maps. It follows that after inversion of 2 we obtain the exact sequence 

X D 

z[^]Bx„ > z[^]Bx^ z[i]Q 

where the Z[i]-module z[^]Q is torsion free and is hence flat. Consequently, if 
2 is a unit in fc we immediately deduce by tensorization by fc over Z[i] that the 
multiplication by D in kBx^ is an injective map. Now, if 2 is a nonzero divisor in 
fc then fc can be embedded in fc[i]. This induces the inclusion of kBx„ in j,[i]i?x„- 
But we have just proved that D is a nonzero divisor in i^^i-^Bx^ , so we deduce that it 
is also a nonzero divisor in kBx„ and hence also a nonzero divisor in ^C/ TF,t,(P) 
by (4.6.3). " □ 

Theorem 4.29. Set A k[Ua \ \a\ = d\ and let 

f:=J2 Uo.X'' eA[Xi,...,Xn] 

\a\=d 

be the generic homogeneous polynomial of degree d over fc. If n is odd or if 2 is a 
nonzero divisor in k then 

TF„(/, dif, . . . , d,j) riAc (9i/, . . . , dn-ifY + if), 
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where, for all polynomial P{Xi, . . . , Xn), the notation P stands for the polynomial 

PiXi,...,Xn-l,l). 

Proof. Let a G TFfn(/, • ■ • , 9„/) n A. There exists an integer N such that 
X^~^a belongs to the ideal (/, dif, . . . , dnf)- Moreover, using the Euler identity 
df = X)"=i ^idif, we obtain that X^a belongs to the ideal (/, dif, . . . , 9„_i/) and 
therefore that there exist polynomials Pi, ... , Pn-i and Q in . . . , Xn] such 

that 

Xl^a = Pidif + ■■■ + Pn-idn-if + Qf. (4.6.4) 
By applying the derivation dj{—) for all j = 1, . . . , n — 1, we obtain the following 
equalities: 

Vj e {1, . . . , n - 1}, P^ dX dx- = ^ "^""^ • ■ • ' 

By Cramer's rules, it follows that for all z = 1, . . . , n — 1 we have 

det ( SL ) e (/, ai/, . . . , c TF„(/, . . . , 5„/). 



\ * J / l<i,j<n— 1 

But by Proposition 4.28, the determinant 



det 



is not a zero divisor in the quotient ring of . . . , Xn] by the inertia form ideal 

TF„(/, dif, dnf). Therefore, we deduce that P, e TFn,'(/, ^i/, . . . , dnf) for all 
« = 1, . . . , n — 1 and hence, using again Euler identity, that 

P. e {f,dj,...,dn-lf). 

Coming back to the definition (4.6.4) of the P^'s, the claimed result is proved. □ 

An immediate consequence of this theorem is the 

Corollary 4.30. For any commutative ring k and any homogeneous polynomial 
f G k[Xi, . . . , Xn], we have 

Disc(/) G (9i/,...,a„_i/)2 + (/). 

We end this paragraph with the computation of the module of relative differen- 
tials ^Bi^x )IA induced by the canonical inclusion A — >■ P(x„)- 

Lemma 4.31. For any commutative ring k, the module ^b^x )M of relative dif- 
ferential of B(^Xn) over A is isomorphic to the cokernel of the map 

A[Xi, . . . ,Xn-l\ Hcss(/) A[Xi, . . . ,Xn-l\ 

(/,ai/,...,9„_i/) 'S? 

whose matrix in the canonical basis is given by the Hessian matrix 1HI(/). 
Proof. By definition of P, it is clear that 

P(x„) ^ A[X,, . . . , X„_i]/(/, dj, . . . , <9„_i/). 
We need to introduce some notation. We can decompose / as a sum 

f = fd + fd-lXn + • • ■ + fd-2Xn + flXn ^ + foX^ 
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where the fi's are homogeneous polynomials in Xi, . . . , Xn~i of degree d — i. Wet 
h := f — fiX^^^ — foX^ and we rename the coefficients C/q, a„ > d — 1, of / by 
setting 

/l = £lXi + £2X2 ■ ■ ■ + £n-lXn-l, fo = £n- 

Setting D k[Xi, . . . ,Xn-i][Ua | Q!„ < d — 2], we define a fc-linear map A from 
B(^x„) to D as follows: 

Xi ^ X„ i = l,...,n-l (4.6.5) 

Ua ^ Ua, a„ < d — 2 
£i —dih, i — l,...,n — l 

n-1 

£n ^ -/t + Xjdjh 

i=l 

It is clear that A is surjective. Moreover, observe that / — h + £n + J2^=i £1^1^ 
so that dif — dih + £i for all i = 1, . . . , n — 1, and hence we deduce that A is an 
isomorphism. 

Now, B(Xn) is an yl-algebra by the canonical inclusion of A in B(^Xn)- Using 
the isomorphism A, we get that nB^x„)/A — ^d/a and A ^ D is given by (4.6.5) 
(without the Xi's that have been removed). Setting A — k[Ua | an < d — 2], so that 
A = A[£i, . . . , £n], we get maps of rings A A D and the relative cotangent 
sequence 

D (»A i^A/A ^D/A ^D/A 

which is exact. Since ^Ia/A — ffi"=i^dfi and flu/ a — ®i=iDdXi, the map can 
in this sequence can be represented by a matrix in the basis d£i , . . . , d£n and 
dXi, . . . dXn-i respectively. By straightforward computations, we get 

/"-I ^2/- \ /"-I Q2j \ 

can{d£,)^~\Y,——-dX, \ = - ^-^dX, \ , ^ = l,...,n-l, 



and 




' dXidXi I ^ I 'H' dX,dXj 

n-1 

= — Xjcan{d£j) 

so that the first n — 1 columns of this matrix corresponds to — Hess(/) and its last 
column is the span of the n — 1 first ones. Therefore, the image of can is isomorphic 
to the image of the map Z?"^^ defined by the matrix —Hess(/), and the 

claimed result follows. □ 

The computation done in this lemma shows that the unramified points of Proj(i?) 
over Spec(A) are the non-degenerated quadratic points, that is to say the points 
where the Hessian of / does not vanish. We used it at the end of the proof of 
Theorem 4.26 to show that the canonical projection of Proj(i3) over Spec(A) is not 
birational if char(fc) = 2 and n is even under the assumption that fc is a domain. 
If n is odd or 2 is a nonzero divisor in k then this projection is birational (without 
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assuming that is a domain) . The purpose of the next section is to prove this fact 
by providing an explicit blowup structure to Proj(-B). 

4.7. Effective blow-up structure. For the sake of simplicity in the text, we 
introduce a particular notation for some coefficients Ua of the generic homogeneous 
polynomial / £ of degree d > 2 : 

f{Xi, . . . , Xn) — SiXiXf^ ^ + £2X2X1^ ^ + • ■ • + £n-lXn-lX^ ^ + £nX!^ + • ■ • 

Moreover, we introduce n — 1 polynomials 

3i(Xi,...,X„)= Yl ^i?^^^ i = l,...,n-l 

|/3|=d-l 

and define the coefficient ring 

kA' = kA[Vip 1 1 < i < n - 1, 1^1 = d - 1] 

so that / and gi,. . ., Qn-i belong to kA'[Xi,. . . , X„]. For the sake of simplicity, we 
will omit the subscript k in the notation whenever there is no possible confusion. 

The resultant S := Res(9i/, . . . , dn^if, f)GA can be obtained by specialization 
of the resultant R := Res((7i, . . . , /) S A'. More precisely, for all integer 
i = 1, . . . , n — 1 we have 

' \a\=d,ai>l ' \0\=d-l 

where stands for the multi-index such that X^* = Xi for all i = l,...,n — 1. 
Thus, we define the specialization 

p:A' A 

Vii3 H- (/3, + l)C/^+e., i = l,...,n-l 
U0 ^ Up 

so that p{R) = S. Notice that we also have p{dR/d£n) = dS/d£n- Now, set 
£):=Disc(/) G Aand recall that /(Xi, . . . , := /(Xi, . . . ,X„_i, 0). 

Proposition 4.32. There exist polynomials Ai(/), . . . , A„(/) G such that 

Disc(/)A,(/) = p (^11) G ^A. 

For any commutative ring k, we define the polynomials Ai(/), . . . , A„(/) G kA by 
change of basis Z — > fc. 
Moreover, 

A„(/) = |£ e feA (4.7.1) 

and for all 1 < i,j < n we have 

Ai{f)Xj-Aj{f)XiGTFm{dif,...,dn-if,f)CkA[X,,...,Xr,]. (4.7.2) 

Proof. We begin by proving the claim about A„(/). For that purpose, introduce a 
new indeterminate T. By Taylor expansion we have 

BR 

Res(5i, . . .,gn-i,f + TXi) -R = T— mod (T^) g kA'[T]. 
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Applying the specialization p and the definition of the discriminant, we obtain 
Disc(/)(Disc(/ + TX;J)-Disc(/))-Tpf|^) mod (T^) e kA[T]. (4.7.3) 



But the Taylor expansion also yields the equality 

dD 

Disc(/ + TX^) - Disc(/) = T— mod (T^) £ kA[T] . (4.7.4) 

Therefore, combining (4.7.3) and (4.7.4) we deduce that 

^. .-.dD fdR\ dS . 

so that the claim A„(/) = dD/d£n in fcA is proved since Disc(/) is a nonzero 
divisor by Corollary 4.9. 

Now, we turn to the polynomials Ai(/), . . . , A„_i(/) and hence we assume that 
h — Tj. From [Jou91, Lemme 4.6.1], we know that for all multi-index a such that 
|q;| — d we have 

Moreover, [Jou91, Lemma 4.6.6] then shows that the specialization of Xi by dR/dSi 
for all i = 1 , . . . , n yields 



OrY dR fdRV dR 



d£n J dUa \ d£i I \ d£n J d£, 



e R.zA' 



By the properties of the resultant, R is irreducible, dR/d£n ^ and dR/d£n ^ 
R-zA' so we deduce that 

dRV~^ dR /dR\"' f dR\ „ 

— I e R.j^A'. 



^ d£n J dUa V / V '^£n , 

Taking suitable choices for the multi-index a, we finally obtain that for all integer 
i = 1, . . . , n — 1 

BRV'^ dR /OrY 

.as;.) au:-[wj <"■"' 

Now, since Disc(/) divides S — p{R), by definition of the discriminant and divides 
p{dR/d£n) by (4.7.5), we deduce that it also divides p{dR/ d£i)'^ for all integer 
i = 1, . . . , n — 1 by specialization of (4.7.6) under p. But Disc(/) is irreducible in 
zA, so we finally deduce that Disc(/) divides p{dR/d£i) for alH = 1, . . . , n — 1 and 
hence the existence of the polynomials Ai(/), . . . , A„_i(/) G iA. 

It remains to prove (4.7.2). Recall from [Jou91, Lemma 4.6.1, (4.6.3)] that for 
aX\ 1 < i,j <n we have 

^1 ~ e TF„(.gi,...,5„_i,/) C fcA'[Xi,...,X„]. 



d£^ ' d£. 



Applying the specialization p, we deduce that 

Disc(/) (A,(/)X, - A,{f)X,) e TF^iV). 

Therefore, we deduce that (4.7.2) holds if A; = Z because in this case Disc(/) is 
irreducible and does not divide Disc(/), hence does not belong to the prime ideal 
TFmiV). Finally, (4.7.2) holds for any k by change of basis Z k. □ 
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We are now ready to define a map from fcC to a Rees algebra. Recall that 
*P := TFm(fcX')o C fcA and denote by the image of Ai(/) by the canonical map 
A — > A/^ for all i = 1, . . . , n. Introducing a new indeterminate T, we define the 
A-algebra morphisni 

^■.kC = kA[Xi,...,Xn] ^ Rees^/q3(Ai,...,A„) c A/q3[T] 

/i = ^/i,(Xi,...,X„) ^ ^/i,(Ai,...,A„)T'' 

where the notation hi, stands for the homogeneous part of degree v oi h ^ kC . 
Notice that it is a graded and surjective map. 

Lemma 4.33. With the above notation, ip vanishes on TFm(X'). 

Proof. Since if is graded, it is sufficient to check the claimed property on graded 
parts. Let h G C^. By using (4.7.2), we obtain that 

X,XAi(/), . . . , A„(/)) - A„(/)^/i(Xi, . . . ,X„) e TF„,(P). (4.7.7) 

It follows that iih^C^f] TFm(2?) then Xi;h{Ai{f), . . . , A„(/)) G TF^{V). Sim- 
ilarly, we get that Xj^/i(Ai(/), . . . , A„(/)) e TFm(2?) for all j ^ l,...,n and 
consequently, we deduce that 

/i(Ai(/), . . . , A„(/)) G TF„,(2?)o =^CkA, 

hence /ii.(Ai, ... ,A„) = G □ 

As a consequence of this lemma, the morphism ip induces 

: kC/TF^{V) = kB/Hl{B) ^ Rees^/<p(Ai, . . . , A„) 

From a geometric point of view, (p defines a map from a blow-up variety to the 
discriminant variety. Below, we will prove that this map is an isomorphism under 
suitable assumptions. As a consequence, it will follow that the scheme morphism 

Proj(B) - Vvoi{B/Hl{B)) ^ Spec(A/'P) 

is birational since (p identifies Proj(i?) to the blow-up of Spec(A/*P) along the ideal 
(Ai,...,A„). 

Lemma 4.34. Assume that k is a domain and that n is odd or 2 ^ in k. 
Let a e ^ = TFm(X»)o. // da/dE^ then a G TF^(V'^)q. In particular, if 
da/d£n = then da/dUa G *P for all multi-index a such that \a\ — d. 

Proof. Let a G *P = TFm(2?)o such that da/d£n ^ 0. by CoroUary 4.17, there exits 
an integer N and polynomials Pi, ... , Pn-i, Q G kA[Xi, . . . , Xn] such that 

a = Pidif + 92/ + • • • + dn-if + Qf. (4.7.8) 

Since dif does not depend on £n for all 1 < i < n — 1, by derivation with respect 
to £n we get 

= x-^ = '^o,f + . . . + ^a„_i/ + ^/ + Qxt 

a£n o£n a£n a£n 

It follows immediately that 

^'Qg (/,5i/,...,a„-i/) 
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and hence, by comparing with (4.7.8), we deduce that there exits polynomials 
Li,. . . ,L„_i,M e kA[Xi,...,X„\ such that 

X^^+'^a = Lidif + L2d2f + ■■■ + i„-ia„_i/ + Mf. (4.7.9) 

Computing the derivatives with respect to Xj for all 1 < j < rt — 1, we get the 
equalities 

'-T.L^ox;k-^^dx,dk^'''^dY,^ox/^'^ 

Hence, for all 1 < j < n — 1 we have 



^^'dx.dx, 



and Cramer's rules show that for all 1 < Z < n — 1 we have 



Finally, by comparison with (4.7.9) we obtain 

x^+'^a det ) e (/, ai/, 32/, . . . , a„^i/)2. 

In other words, using the notation /(Xi, . . . , X„_i) := /(Xi, . . . , X„_i, 1), we 
obtained that 

Hess(/).a e (/, . . . , 9„-i/y . (4.7.10) 
Now, Proposition 4.28 implies that Hess(/) is a nonzero divisor in the quotient 
ring kB fc^I^J' ■ • ■ ' ^n-i]/ if, dif, . . . , 5„_i/). Moreover, Proposition 4.2, (ii) 
shows that /, dif, . . . , 9„_i/ is a regular sequence in ^^[Xi, . . . , X^-i] and hence 

(/,5i/,...,a„_i/) / 

/ if,dif,...,dn-ify 

is a free B-moduIe. Therefore, this and (4.7.10) show that 

ae (/,ai/,...,5„_i/)2. 

Finally, using Corollary 4.17 we conclude that a e TF(x„)(I>^) = TFm(X»2). □ 

Corollary 4.35. If n is odd or if 2 is a nonzero divisor in k then dD/dEn is not 
a zero divisor in the quotient ring kC /TFm(2?). 

Proof. We first assume that fc is a domain. Then, observe that we can assume 
without loss of generality that k is actually a field by extension to the fraction field 
of k. Now, if dD/d£n then Lemma 4.34 implies that D divides dD/dUa for 
all multi-index a such that \a\ = d and hence that dD/dUa = for all a such 
that |a| = d by inspecting the degrees. If k has characteristic zero then we deduce 
that D = 0, a contradiction with Theorem 4.26. If fc has characteristic p > 0, then 
passing to the algebraic closure of k (which is a perfect field) we get that D must be 
some polynomial raised to the power p, again a contradiction with Theorem 4.26. 

It remains to prove that the claimed property holds for an arbitrary ring fc, 
knowing that it is valid for a domain. To do this, we can proceed exactly as in the 
proof of Proposition 4.28. □ 
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We are now ready to prove the main result of this section. 

Theorem 4.36. Ifn is odd or 2 is a nonzero divisor in k, then (p is an isomorphism. 

Proof. Since (p is graded and surjective, it is sufficient to show that it is injective 
on graded parts. So let h & C^, and assume that /i(Ai(/), . . . , A„(/)) G *p. Then, 
(4.7.7) and (4.7.1) shows that 

— j hiXi,...,X,,)eTFmiV). (4.7.11) 

But by Corollary 4.35, dD/dSn is not a zero divisor in the quotient ring kC / TFm(2?) 
Therefore (4.7.11) implies that h{Xi, . . . ,Xn) € TFm(2?) and from here we deduce 
that (f is an isomorphism. □ 
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Appendix - Two formulas of F. Mertens 

In this appendix, we give rigorous proofs of two outstanding formulas that were 
given by Frantz Mertens around 1890 in its study of the resuhant of homogeneous 
polynomials [Mcr86]. 

Let i? be a commutative ring and suppose given n > 1 homogeneous polynomials 
/i, . . . , /„ in R[Xi, . . . , Xn] with positive degree di, . . . ,dn respectively, such that 
n"=i di > 1. Introducing news indeterminates Ui, . . . ,Un, we define 

n 

0{Ui, ...,Un).= Res(/i, . . . , /„_i, U^X,) e R[Ui, C/„] 

i=l 

and 9i{Ui, . . . , U„) := dO/dUi G R[Ui, . . . , J7„] for alH = 1, . . . , n. In addition, let 
Vi,...,Vm Wi,. . . , Wn, X,Y he a. collection of some other new indeterminates and 
consider the ring morphisms 

p:R[Ui,...,U^] ^ i?[l/i,...,F„,W^i,...,W„][Xi,...,X„] 

n n 

^ v,{Y,w,x,)-w,iJ2v,x,). 

and 

p: R[Ui,...,Un] ^ 

First Mertens' formula: 

Resx,Y{XO),p{fn{Oi,...,On))) 

Second Mertens' formula: 

Res(/i, . . . , /„_i, p(/„(0i, . . . , 0„))) = (-l)''-'*"Disc;f,y(p(0))'*"Res(/i, . . . , /„). 



R[Vl,...,Vn,Wl,...,Wn][X,Y] 

V^X + W^Y 
= (-l)''^- ''"Discx,y(p(0))''"Res(/i, . . . , /„). 
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Notice that the subscript X, Y is written to emphasize that the discriminant, or 
the resuhant, is taken with respect to these two variables. 

Proof. We begin with the proof of the first formula and then we will deduce the 
second formula form the first one. Observe that we can assume that R is actually 
the universal ring of coefficients of the polynomials /i , . . . , /„ that we will denote 
by A 

From definition, 9 is an inertia form of the polynomials /i, . . . , /„_i, X]r=i UiXi 
with respect to there exists an integer, say N, and polynomials 

hi, ... , hn-i, h in the polynomial ring A[Ui , . . . , Un] [Xi , . . . , X„] such that 

n 

Xy = hih + ■■■ + hn-lfn-1 + U,X,). 

i=l 

A simple computation then shows that XiOj — XjOi is an inertia form of the 
same polynomials for all couple By successive iterations, we deduce that 

X^"fn{9i, . . . ,9n) — 9!^"fn{Xi, . . . , X„) is also such an inertia form. Finally, we 
obtain that . . . , 0„) is an inertia forms of the polynomials 

n 

/l 1 ■ • ■ 1 /n— 1 1 fn J ^ ^ 

1=1 

with respect to {Xi, . . . , X„). Obviously, the same holds for 9. 

Set R :— Resx,y(p(6'), p(/n(6'i, • ■ • , ^n)))- There exists an integer A^^i such that 

X'^'R e {p{0),p{f n{0i, • ■ • , On))) cA[Vu..., Vn, Wi,..., W„][X, Y] 

and therefore we deduce that there exists an integer A^2 such that 

n 

x^-x^^R e (/i, . . . , fn,p{J2 ^^^^)) 

1=1 

C A[Vu ...,Vn,Wi,..., Wn][X, Y][Xi, . . . , X„]. 

Now, specializing X to X]"=i ^i-^i ^^^d y to — ^i-^i '^'^ obtain that 

n 

e (/i, ...,/„) c K, w^i, ... , w,,][Xi, . . . , x„]. 

j=i 

In other words, {J^^^i ^i^i)'^^ R is an inertia form of the polynomials fi, ■ ■ ■ , fn 
with respect to {Xi, . . . , X„). Moreover, since X]"=i ^i^i is obviously not such an 
inertia form, we deduce that R is. Consequently, there exists 

M eA[Vi,...,Vn,Wi,...,Wn] 

such that 

R := Resx,y(p(f?), p(/„(0i, . . . , 9n))) = AfRes(/i, . . . , /„). (A.l) 

Looking at this equation, we see that both R and Res(/i, . . . , /„) are homo- 
geneous with respect to the coefficients of the polynomial /„ of the same de- 
gree di . . . dn-i. Therefore, M must be independent of these coefficients, but it 
could depend on the degree dn- To emphasize this property, we use the notation 
M{fi, . . . , fn-i,dn). If we specialize /„ to X^" in (A.l), we obtain 

Resx,y(p(^),p(0„))'*" = Af(/i, . . . , /„_i, d„)Res(/i, . . . , /„_i,X„)'^". 
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But on the other hand, form the definition of M, we have 

Resx, Y{m,pi.On)) = A/(/i, . . . , fn-i, l)Res(/i, . . . , fn-l,X„). 

By comparison, it follows that M(/i, . . . , = M(/i, . . . , /„_i, 1)'*" and 
hence it remains to determine M(/i, . . . , /„_i, 1). For that purpose, noticing 
that &p{9)/dY = Y^^i=iWip{9i), we choose to specialize /„ to the linear form 
YTi=iWiXi. We obtain 

Resx,F(p(0), ^) = M(/i, . . . , l)Res(/i, . . . , fn-^Y^WiXi). 

Now, by definition of Discx,r(p(^)), we have 

Resx,y(pW, ^) = Discx,r(p(^))Resx,r(m,^) 
= Discx,r(m)-m(0,-l) 

n 

= Discx,F(p(^))Res(/i, . . . , - ^ WiXi) 

i=l 

n 

= (-l)''^- ■''"-^DisC;f,y(p(0))Res(/i, . . . , fn-1, ^ VFi^,). 

i=l 

It follows that M(/i, . . . , 1) = {-lY^-'^--^T>\scx,Y{p{e)) and the first formula 
is proved. 

We turn to the proof of the second formula. For the sake of simplicity, define 

h := p{U{ei,. . . , On)) e A[Vl, ...,Vn,Wl,..., Wn][Xi, ...,Xn] 

and denote by dh its degree with respect to the variables Xi, . . . , X„. It is not hard 
to check that dh = dn{di . . . dn-i — 1) which is a positive integer by our assumption 

nr=i'^i>i- 

By applying Mertens' first formula, we obtain the equality 

Resx,Y{e,p{KOu On))) = (-l)'^^-'^"-^''''Discx,F(pW)'^''Res(/i, . . . , /„_i, /i) 

(A.2) 

= Discx,r(p(^))'^''Res(/i, . . . , fn-i,h) 
Prom the definitions we have 

(n n 
[fnieu- . . , On)] {■..,Vi{J2 WjOj) - Wi{J2 VjOj), . . .) 
i=i j=i 

n n 

= [uou On)] (• • • , Wjpm - WiiY, vjpi^j))' ■ ■ •) 

i=i i=i 

= [fniO.,...,On)]i...,V.^-W,^,...). 

Thus, if we define 

F{X, Y) := pifniOi,. . . , On)) = [fn{Ou • • • , On)] {■ ■ ■ ,ViX + WiY, . . .), 

then 



66 



LAURENT BUSE AND JEAN-PIERRE JOUANOLOU 



where the last equahty holds because deg(F) = dh- Now, from Proposition 3.7, 
recall that 

Therefore, we have (observe that - — i) 

Resx,y(p(0), . . . , e„))) = Resx,y F{X, y))Discx,y 

and using again the first Mertens' formula for Kesx.viVid), F{X,Y)), we obtain 

Resx,F(p(0),p(M^i,...,^?„))) = 

(-l)''^-''"Disc;,,y(p(0))'^"Res(/i, . . . , /„)Discx,y(p(^))'*". (A.3) 

Now, the comparison of the equations (A. 2) and (A.3) yields 

Discx,y(p(^))''''Res(/i, . . . , fn~i,h) 

= („l)<ii...d„Disc^_^(p(0))'i"Res(/i, . . . ,/„)Discx,y(p(0))''^ 

We conclude the proof by observing that Disc(p(6')) G A[Vi, . . . ,Vn,Wi, . . . , Wn] is 
nonzero, a fact that we show in the following lemma. □ 

Lemma A Disc^.y (/o(6')) is nonzero in A[Vi, . . . ,Vn, Wi, . . . , Wn], where A is the 
universal ring of the coefficients of the polynomials /i, . . . , fn-i- 

Proof. We exhibit a specialization for which Disc(p(6')) is easily seen to be nonzero. 
We start by specializing each polynomial /i, z = 1, . . . , n — 1 to the product of di 
generic linear forms 

di 

li,j '■= Uij^iXi+Uij^iX2 + - ■ ■ + Uij,nXn ~ Uij^rXr, i — 1, . . . , n, j ~ 1, . . . , di- 

r=l 

Set A' — l^lUij^r i — 1, ■ ■ . ,n, j — 1, . . . ,di, r — 1, . . . ,n]. After this specializa- 
tion, we get 

6= det{lij-^,l2j2T ■ ■ Tln-l,j,^-l,UiXi + . . . ,UnXn) 

l<ji <di 

2— l,...n — 1 

in A'[Ui, . . . , {/„]. For each {n — l)-uple A :— (ji, . . . , jn-i) in the above product 
we denote by A\{Ui, . . . ,Un) the corresponding determinant. We deduce that 

^^(')-^L(w^„...,w^„) n p(A.) 



dY 



Now, on the one hand we have (the resultant and the discriminant are taken with 
respect to X, Y) 

Disc(p(0)).p(0)(O, -1) = (-l)'^-'^"-Disc(p(0)) l[ Aa(M^i, . . . , Wn), 
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and on the other hand 
Res 



^llResipi^x),Ax{Wi,...,Wn) n P(^. 



= m Aa(w^i,...,w^„) ni^^«(^(^^)'^(^/^))- 



\ A / A, /J 

A^^M 

Therefore, choosmg an order for the (n — l)-uples A, we deduce that 
Disc(p(^^)) = (-1)"^ n Res(p(A,),p(A^))^ 

with N = di . . . dn~i- Moreover, for any {n — l)-uple A, it is easy to see that 

p(Aa) = Aa ( Vi , . . . , K)^ + Aa (VKi , . . . , VK„)r. 
It folfows that in A'[Vi, . . . ,Vn, Wi, . . . , Wn] we have the equahty 

Disc(p(6')) = (-l)^^x 

[] (Aa(^i, . . . , Vn)A^{Wu. ..,Wn)-A^{Wi,..., W„)A^(Vi, . . . , V,,)f . (A.4) 

X<fi 

To finish the proof, we speciafize a httle more our polynomials /i,...,/„_i by 
specializing each linear form lij to Xi — C/ij-^„X„. Then, it is not hard to check 
that 

Aa=o-i,...,j_oC^1' ■ • ■ , = Ui^nVi + U2,j,V2 + ■■■ + [/„_ij„_,K-i + K (A.5) 

and hence that Aa(0, . . . , 0, 1) = 1. Therefore, we deduce that for any couple (A, ^) 
such that A ^ /i we have 

Aa(0, ... ,0, l)A^(VFi, . . . , W„) - Aa(W^i, . . . , M^„)A^(0, ... ,0, 1) = 

A^(W^i,...,W^„)-Aa(W^i,...,W„) 
and this quantity is clearly nonzero in view of (A.5). □ 
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